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Based on the cosmological principle only, the method of describing the evolution of the
Universe, called cosmography, is in fact a kinematics of cosmological expansion. The
effectiveness of cosmography lies in the fact that it allows, based on the results of obser-
vations, to perform a rigid selection of models that do not contradict the cosmological
principle. It is important that the introduction of new components (dark matter, dark
energy or even more mysterious entities) will not affect the relationship between the
kinematic characteristics (cosmographic parameters) This paper shows that within the
framework of cosmography the parameters of any model that satisfies the cosmological
principle (the universe is homogeneous and isotropic on large scale), can be expressed
through cosmographic parameters. The proposed approach to finding the parameters
of cosmological models has many advantages. Emphasize that all the obtained results
are accurate, since they follow from identical transformations. The procedure can be
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generalized to the case of models with interaction between components
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1. Introduction
Our current understanding of the structure of the Universe is based on the two
fundamental models: the Standard Model of elementary particles1, 2 and the Stan-
dard Cosmological Model (SCM).3–6 The first model is a combination of quantum
chromodynamics with electroweak theory. Formulated in the 1970s, by now it has
been confirmed by a huge number of experiments. The recent discovery of the miss-
ing element—the Higgs boson7, 8—was a convincing proof of the validity of the
Standard Model of elementary particles. However, these successes did not stop at-
tempts to discover physics outside of the Standard Model, and such physics was
discovered9, 10 on completely different spatial scales. The observed dynamics of the
Universe cannot be described with the help of particles of the Standard Model. The
new entities—dark energy11, 12 and dark matter13–15 —are the main components of
the SCM, which managed to solve the main problems of the previous cosmological
model (the Big Bang model) and to describe a giant array of observations.
However, the staggering success of SCM, for which it even got the name Concor-
dance Model of Cosmology, or Cosmic Concordance, should not be misleading. The
cosmological model stating that 95% of our world consists of essences of unknown
nature (70% of dark energy and 25% of dark matter) can only be an intermediate
step on the way to understanding the structure of the Universe. The lack of infor-
mation on the nature of the main components of the energy budget of the Universe,
on the one hand, significantly expands the number of possible options for describing
cosmological evolution, and on the other hand, makes one think about the mecha-
nism for selecting the most appropriate models. Such a mechanism may turn out to
be the Cosmological Principle, stating that on scales exceeding hundreds of mega-
parsecs, the Universe is homogeneous and isotropic, which allows choosing from the
whole conceivable variety of models of the description of the Universe a narrow
class of homogeneous and isotropic models. The Cosmological Principle enables us
to construct the metric of the Universe and to take the first steps to the interpreta-
tion of the cosmological observations. The method to describe the evolution of the
Universe based only on the Cosmological Principle is called the cosmography, and
in fact, it represents kinematics of the cosmological expansion. The effectiveness of
cosmography relies on the fact that it allows, based on the results of observations,
to perform a rigorous selection of models that do not contradict the Cosmological
Principle. It is important that the introduction of the new components (dark mat-
ter, dark energy or even more mysterious entities) will not affect the relationship
between the kinematic characteristics (the cosmographic parameters).
The fundamental characteristics of the evolution of the Universe can be either
kinematic (if they are extracted directly from the space-time metric) or dynamic (if
they depend on properties of the fields that fill the Universe). The dynamic char-
acteristics, of course, are model dependent, while the kinematic characteristics are
more universal. In addition, the latter are spared from the uncertainties that arise
when measuring physical quantities, such as, for example, energy densities. That is
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the reason why the kinematic characteristics are convenient for the description of
the current expansion of the Universe.
The evolution of a homogeneous and isotropic Universe is described by the scale
factor a(t) which connects the Lagrangian (or comoving) coordinates r with the
physical Euler coordinates R(t)
R(t) = a(t)r (1)
Differentiating this relation with respect to time, we obtain the Hubble law
V = HR (2)
where V = dR/dt = R˙ is the speed of cosmological expansion and H = a˙/a is the
Hubble parameter, relating the distance to the extragalactic object with the speed
of its recession.
The expansion rate of the Universe, as determined by the Hubble parameter,
generally speaking, depends on time. The measure of this dependence is the decel-
eration parameter. We define it using the Taylor series expansion of the scale factor
in the neighbourhood of the current time moment t0:
a(t) = a(t0) + a˙(t0)[t− t0] + 1
2
a¨(t0)[t− t0]2. (3)
Let us represent this relation in the form
a(t)
a(t0)
= 1 +H0[t− t0]− q0
2
H20 [t− t0]2. (4)
where the deceleration parameter reads
q(t) ≡ − a¨(t)a(t)
a˙2
= − a¨
a(t)
1
H2(t)
. (5)
If we are interested solely in the expansion regime then in the case of constant
deceleration parameter the Universe would exhibit decelerating expansion if q >
0, an expansion with constant rate if q = 0, accelerating power-law expansion if
1 < q < 0, exponential expansion (also known as the de Sitter expansion) if q = 1
and super-exponential expansion if q < 1. In the early seventies, Alan Sandage16
defined cosmology as the search for two numbers: the Hubble parameter H0 and the
deceleration parameter q0. It seemed too simple and clear: the main term in form of
the Hubble parameter determined the expansion rate of the Universe and a small
correction due to the gravity of the matter content was responsible for slow down
of the expansion. However, the situation drastically changed at the end of the last
century.
Expansion with a constant acceleration is the simplest, but not the only possible
realization of the kinematics of a non-stationary Universe. As the Universe evolves,
relative contents of its components change, which affect dynamics of the expansion,
and as a result the acceleration value varies. In order to track this variation, it is
necessary to consider the third derivative of the scale factor with respect to time.
Obviously, the inevitable progress in the accuracy of cosmological observations will
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require the inclusion of higher time derivatives of the scale factor into consideration.
In other words, instead of the simplest decomposition (3) we must take into account
the terms of the Taylor series for the scale factor of higher order (N > 2)
a(t) = lim
N→∞
N∑
n=0
a(n)
n!
(t− t0)n. (6)
The present work uses the scheme of the description of the Universe, called the
”cosmography”,17 entirely based on the Cosmological Principle. Recall that in the
Classical Mechanics, the kinematics is understood as the part that describes the
motion of bodies, irrespective of the forces that could cause it. In this sense, the
cosmography merely represents kinematics of the cosmological expansion. In fact,
the term ”cosmo-kinematics” is a synonym to the term ”cosmography”. Inclusion of
higher-order (N > 2) terms in the Taylor series (5) allows us to go beyond the frames
of the motion with a constant acceleration, and to transform the cosmography into
a cosmic kinematics of general case.
To construct the key cosmological characteristic—the time dependence of the
scale factor a(t)—we need the equations of motion (the Einstein’s equations), and
the assumption on the material composition of the Universe, which enables us to
construct the energy-momentum tensor. The cosmography provides an effective and
universal way to compare the model solutions (like the solutions of General Rel-
ativity) with the observations. The latter provides us with a set of cosmological
parameters, which must be compared with the values of the parameters calculated
within the framework of a certain model. The result of the comparison is a conclu-
sion about the adequacy of the corresponding models.
Thus, for a more complete description of kinematics of the cosmological expan-
sion, it is useful to consider the extended set of parameters, including the higher-
order time derivatives of the scale factor18–21
H(t) ≡ 1
a
da
dt
;
q(t) ≡ −1
a
d2a
dt2
[
1
a
da
dt
]
−2
;
j(t) ≡ 1
a
d3a
dt3
[
1
a
da
dt
]
−3
; (7)
s(t) ≡ 1
a
d4a
dt4
[
1
a
da
dt
]
−4
;
l(t) ≡ 1
a
d5a
dt5
[
1
a
da
dt
]
−5
;
Note that the last four parameters are dimensionless. It should be noted that the jerk
parameter j(t) is of unique importance (especially for testing cosmological models).
”It is a striking and slightly puzzling fact that almost all current cosmological
observations can be summarized by the simple statement: The jerk of the universe
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equals one”.22 This parameter determines evolution of the deceleration parameter.
Inclusion of the higher order derivatives of the scale factor, on the one hand, reflects
the continuous progress of the observational cosmology, and, on the other, is dictated
by the need to describe the increasingly complex effects used to obtain the precise
observational data.
In terms of the cosmographic parameters introduced above (6), the decomposi-
tion (5) (up to terms of the fifth order) takes on the form
a(t) = a0
[
1 +H0[t− t0]− 1
2
q0H
2
0 [t− t0]2 +
1
3!
j0H
3
0 (t− t0)3
+
1
4!
s0H
4
0 (t− t0)4 +
1
5!
l0H
5
0 (t− t0)5 +O
(
(t− t0)6
)]
, (8)
where a0 is the present value of the scale factor, and z is the redshift.
Note that a simplified version of the cosmographic parameter set is repre-
sented by the so-called statefinder parameters {r, s} introduced by Sahni, Saini,
and Starobinsky:23
r =
...
a
aH3
, s ≡ r − 1
3(q − 1/2) (9)
The statefinders are dimensionless and similarly to the cosmographic parameters
they are constructed from the scale factor and its time derivatives. The statefinder
r exactly coincides with the cosmographic jerk parameter j, and s is a combination
of the parameters q and r (or j). The combination is chosen in such a way that it
does not depend on the density. The values of the statefinders can be reconstructed
from the available cosmological data. After that, the statefinders can be successfully
used to identify various models of dark energy.
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2. Cosmographic alphabet: relations between the cosmographic
parameters
The parameter set H, q, j, s, l . . . represents the alphabet of the cosmography. Nat-
urally the next step should be to use the alphabet in order try building words and
sensible phrases based on certain grammar rules. Relations between the cosmo-
graphic parameters stand for the grammatic rules in the cosmography.
Let us use the definition (5) of in order to establish some useful relation between
the deceleration parameter and the Hubble parameter:20, 21
q(t) =
d
dt
(
1
H
)
− 1,
q(z) =
1 + z
H
dH
dz
− 1,
q(z) =
1
2
(1 + z)
1
H2
dH2
dz
− 1,
q(z) =
1
2
d lnH2
d ln(1 + z)
− 1
q(z) = (1 + z)
d lnH
d ln z
− 1, (10)
q(a) = −
(
1 +
dH
dt
H2
)
,
q(a) = −
(
1 +
adHda
H
)
,
q(a) = −d ln(aH)
d ln a
.
The derivatives dH/dz, d2H/dz2, d3H/dz3, and d4H/dz4 can be expressed in terms
of the deceleration parameter q and other cosmographic parameters:
dH
dz
=
1 + q
1 + z
H ;
d2H
dz2
=
j − q2
(1 + z)2
H ;
d3H
dz3
=
3q2 + 3q3 − 4qj − 3j − 3s
(1 + z)3
H ; (11)
d4H
dz4
=
−12q2 − 24q3 − 15q4 + 32qj + 25q2j + 7qs+ 12j − 4j2 + 8s+ l
(1 + z)4
H.
The expresions (11) allow to decompose the Hubble parameter in the Taylor series
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over the redshift:
H(z) = H0 +
dH
dz
∣∣∣∣
z=0
z +
1
2
d2H
dz2
∣∣∣∣
z=0
z2 +
1
6
d3H
dz2
∣∣∣∣
z=0
z3 + . . . (12)
= H0
(
1 + (1 + q0)z +
z3
2
(j0 − q20) +
z3
6
(3q20 + 3q
3
0 − 4q0j0 − 3j0 − 3s0)
)
The inverse of the Hubble parameter can be decomposed as well:
d
dz
(
1
H
)
= − 1
H2
dH
dz
= −1 + q
1 + z
1
H
;
d2
dz2
(
1
H
)
= 2
(
1 + q
1 + z
)2
1
H
− j − q
2
(1 + z)2
1
H
=
2 + 4q + 3q2 − j
(1 + z)2
1
H
; (13)
1
H(z)
=
1
H0
[
1− (1 + q0)z + z
2
6
(2 + 4q0 + 3q
2
0 − j0) + . . .
]
.
The following relations are useful to transit from higher order time derivatives to
the derivatives with respect to redshift:
d2
dt2
= (1 + z)H
[
H + (1 + z)
dH
dz
]
d
dz
+ (1 + z)2H2;
d3
dt3
= −(1 + z)H
{
H2 + (1 + z)2
(
dH
dz
)2
+ (1 + z)H
[
4
dH
dz
+ (1 + z)
d2H
dz2
]}
d
dz
− 3(1 + z)2H2
[
H + (1 + z)
dH
dz
]
d2
dz2
− (1 + z)3H3 d
3
dz3
;
d4
dt4
= (1 + z)H
[
H2 + 11(1 + z)H2
dH
dz
+ 11(1 + z)H
dH
dz
+ (1 + z)3
(
dH
dz
)3
(14)
+7(1 + z)2H
d2H
dz2
+ 4(1 + z)3H
dH
dz
d2H
dz2
+ (1 + z)3H2
d3H
dz3
]
d
dz
+ (1 + z)2H2
[
7H2 + 22H
dH
dz
+ 7(1 + z)2
(
dH
dz
)2
+ 4H
d2H
dz2
]
d2
dz2
+ 6(1 + z)3H3
[
H + (1 + z)
dH
dz
]
d3
dz3
+ (1 + z)4H4
d4
dz4
+ (1 + z)4H4
d4
dz4
.
Derivatives of the Hubble parameter squared with respect to the redshift
diH2
dzi
, i = 1, 2, 3, 4
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can be expressed through the cosmographic parameters take on the form:
d(H2)
dz
=
2H2
1 + z
(1 + q);
d2(H2)
dz2
=
2H2
(1 + z)2
(1 + 2q + j); (15)
d3(H2)
dz3
=
2H2
(1 + z)3
(−qj − s);
d4(H2)
dz4
=
2H2
(1 + z)4
(4qj + 3qs+ 3q2j − j2 + 4s+ l).
Current values of the parameters q and j in terms of the derivatives with respect
to N = − ln(1 + z) are
q0 = − 1
H2
{
1
2
d(H2)
dN
+H2
}∣∣∣∣
N=0
,
j0 =
{
1
2H2
d2(H2)
dN2
+
3
2H2
1
2
d(H2)
dN
+ 1
}∣∣∣∣
N=0
. (16)
It is important for further consideration to have the expressions of the time deriva-
tives of the Hubble parameter in terms of the cosmographic parameters:
H˙ = −H2(1 + q);
H¨ = H3(j + 3q + 2); (17)
...
H = H
4(s− 4j − 3q(q + 4)− 6);
....
H = H
5(l − 5s+ 10(q + 2)j + 30(q + 2)q + 24).
Let
Cn ≡ γn a
(n)
aHn
,
where a(n) is n-th derivative of the scale factor with respect to time, n ≥ 2 and
γ2 = −1, γn = 1 for n 6= 2. Then C2 = q, C3 = j, C4 = s . . .. Then derivatives of
the parameters Cn with respect to the redshift satisfy the relation:
(1 + z)
dCn
dz
= − γn
γn+1
Cn+1 + Cn − nCn(1 + q).
Combining the above mentioned recurrent relation with the formula
d
dt
= −H(1 + z) d
dz
,
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one can obtain the time derivatives of the cosmographic parameters in th form
dq
dt
= −H(j − 2q2 − q);
dj
dt
= H(s+ j(2 + 3q)); (18)
ds
dt
= H(l + s(3 + 4q));
dl
dt
= H(m+ l(4 + 5q)).
This relation can be used to express higher order cosmographic parameters in terms
of lower ones and its derivatives:
j = −q + 2q(1 + q) + (1 + z)dq
dz
;
s = j − 3j(1 + q)− (1 + z) dj
dz
; (19)
l = s− 4s(1 + q)− (1 + z)ds
dz
;
m = l − 5l(1 + q)− (1 + z) dl
dz
.
Combining the expressions for time derivatives of the Hubble parameter with the
Friedmann equations, we obtain density and pressure of one-component flat Uni-
verse in terms of the cosmographic parameters:
ρ = 3H2;
dρ
dt
= −6H3(1 + q);
d2ρ
dt2
= 6H4(j + q(q + 5) + 3);
d3ρ
dt3
= 6H5[s− j(3q + 7)− 3q(4q + 9)− 12]; (20)
p = −H2(1 − 2q);
dp
dt
= −2H3(j − 1);
d2p
dt2
= −2H4(s− j + 3q + 3);
d3p
dt3
= −2H5[l − j(q + 1)− 3q(2q + 7)− 2(6 + s)].
As an example, let derive expression for dp/dt. Using the second Friedmann equa-
tion, one finds:
H˙ +H2 =
a¨
a
= −1
6
(ρ+ 3p) = −1
2
H2 − 1
2
p;
H¨ + 3HH˙ = −1
2
p˙. (21)
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Using the expressions for H˙ and H¨ from (17), one obtains:
dp
dt
= −2H3(j − 1).
It is possible also to obtain expression in terms of cosmographic parameters for the
scalar curvature R = gµνRµν and its time derivatives. Combining the expression
R = −6
(
a¨
a
+H2
)
with the definition (5) of the deceleration parameter, one obtains:
R = −6H2(1 − q).
Taking time derivative of the above expression and using (17), obtains the expres-
sions for the time derivatives of the scalar curvature:
R˙ = −6H3(j − q − 2);
R¨ = −6H4(s+ q2 + 8q + 6). (22)
The relations between the cosmographic parameters obtained above open new pos-
sibilities to analyze evolution of the Universe and to test a wide class of cosmological
models.
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3. Cosmographic parameters for some cosmological models
Let us briefly consider the cosmography of a number of the simplest cosmological
models. Of course, we focus on exclusively kinematic features of the models.
3.1. Models with the power-law time dependence of the scale factor
Let us start from the widely used model with the power-law time dependence of the
scale factor (the power-law cosmology)24–26
a(t) = a0
(
t
t0
)α
, (23)
where α is a dimensionless positive parameter. The deceleration parameter thus
equals
q(t) ≡ − a¨
aH2
=
1
α
− 1. (24)
The considered model describes a uniformly accelerated expansion (q = const)
under the condition that α > 0 (which transforms into q > −1). The history of the
expansion of the Universe H(z) is described in this model by the two parameters
(H0, q):
H(z) = H0(1 + z)
1+q. (25)
In the case of a power-law of expansion for α < 1 (decelerated expansion), the
Hubble radius grows faster than the scale factor of the expansion of the Universe:
RH = H
−1 ∝ t, while a(t) ∝ tα. Just such a situation, as we saw above, takes place
for matter (α = 2/3) and radiation (α = 1/2).
3.2. Hybrid expansion law
We now consider a simple generalization of the model with a power law of expansion,
called the hybrid expansion law27
a(t) = a0
(
t
t0
)α
e
β
(
t
t0
−1
)
, (26)
where α and β are nonnegative constants. Here a0 and t0, as in the case of the
power-law of expansion, represent the current value of the scale factor and the age
of the Universe. In special cases α = 0 and β = 0, the hybrid expansion law reduces
to exponential and power-law expansion, respectively.
Modification of equation (26) allows us to go beyond the limits of uniformly
accelerated expansion and leads to the time dependence of all cosmographic param-
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eters. In particular, for the three lowest cosmological parameters we find
H =
α
t
+
β
t0
;
q =
αt20
(βt+ αt0)2
− 1; (27)
j =
αt20(2t0 − 3βt− 3αt0)
(βt+ αt0)3
+ 1.
Below we give the asymptotes of the scale factor and cosmological parameters for
the hybrid expansion law at t→ 0 and t→∞:
t→0⇒ a→ a0
(
t
t0
)α
, H → α
t
, q → −1 + 1
α
, j → 1− 3
α
+
2
α2
; (28)
t→∞⇒ a→ a0eβ
(
t
t0
−1
)
, H → β
t0
, q → −1, j → 1. (29)
The time moment at which the hybrid model transits from the decelerated expansion
to the accelerated one is determined from (27):
q = 0⇒ ttr
t0
=
√
α− α
β
. (30)
3.3. Chaplygin gas
Numerous attempts to explain the observed accelerated expansion of the Universe
in the framework of General Relativity stimulated the consideration of the com-
ponents with ”non-traditional” equations of state. The component with the name
”Chaplygin gas” (the name is borrowed from aerodynamics) realizes one of such
possibilities.28 The equation of state for this component reads
p = −A
ρ
, (31)
where A > 0 is a constant. The desire to improve the description of the observed
dynamics of the Universe led to numerous generalizations of the equation of state
(31).
The equation of state for the so-called generalized Chaplygin gas29, 30 reads
p = − A
ρα
, (32)
where 0 ≤ α ≤ 1 (the additional parameter α extends the capabilities of the model).
A further modification of the equation of state (31) was connected with the inclusion
of a positive term linear in density:
p = Bρ− A
ρα
. (33)
Here A, B, and α are positive constants and 0 ≤ α ≤ 1. Such a model was called the
modified Chaplygin gas.31 An attractive feature of the cosmological models based on
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the equation of state (31) and its generalizations is the ability to describe in a single
equation the states of a substance with essentially different physical properties. For
example, the modified Chaplygin gas at low density limit describes a substance
generating a negative pressure (can be used to describe the current evolution of
the Universe), while at high densities and B = 1/3 or B = 0 this state equation
represents a description of radiation or non-relativistic matter with zero pressure
(can be used to describe the early Universe).
Integrating the conservation equation, we find the density of the modified Chap-
lygin gas:
ρMCG = ρ0
[
AS +
1−AS
a3(1+B)(1+α)
] 1
1+α
. (34)
Here
AS ≡ A
1 +B
1
ρα+10
, B 6= 1
and ρ0 is the constant of integration. In the considered model of the Universe it is
required to introduce only the baryonic component (there is no need to introduce
the dark matter), since the Chaplygin gas represents a unifying model of the dark
components. Using the definition of the deceleration parameter, we find that for a
flat Universe filled a single component with the equation of state p = wρ,
q =
1
2
(1 + 3w). (35)
In general,
(k = 0,±1, ρ =
∑
i
ρi, p =
∑
i
ρiwi)
obtain
q =
Ω
2
+
3
2
∑
i
wiΩi. (36)
Here
Ωi ≡ ρi
ρc
; ρc ≡ 3M2PlH2 Ω ≡
∑
i
Ωi.
Using (36), we find the deceleration parameter for a spatially flat universe filled
with a modified Chaplygin gas:
q(z) =
Ωb0
a3 +Ω(z)[1 + 3w(z)]
2
[
Ωb0
a3 +Ω(z)
] ;
Ω(z) = Ω0
[
AS + (1−AS)(1 + z)3(1+B)(1+α)
] 1
1+α
. (37)
Here Ωb and Ω are relative densities of the baryonic component and the modified
Chaplygin gas respectively.
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The parameter of the equation of state of the modified Chaplygin gas can be
found using the expression (33):
w ≡ p
ρ
= B − ρ−(α+1) = B − AS(1 + B)
AS + (1−AS)(1 + z)3(1+B)(1+α)
. (38)
As for the deceleration parameter q(z), it, in turn, is determined by the three
parameters A, B and α whose values can be calculated by analyzing traditional
sets of the observational data. The values of the parameters obtained in this way32
satisfy the relations: AS ≈ 0.8, B ≤ 0.1, and α ≤ 0.2. Substituting them into (37)
and (38), we obtain the values of w(z = 0) = −0.8 and q(z = 0) = −0.7, which, like
the dependence q(z), are close to the values obtained in the SCM.
3.4. Scalar fields
The cosmological constant represents just one of the possible realizations of the
hypothetical substance - the dark energy introduced to explain the accelerated ex-
pansion of the Universe. Unfortunately, the nature of dark energy is unknown to
us, which generates a huge number of hypotheses and candidates for the role of a
fundamental component of the energy budget of the Universe. We mentioned many
times about the rapid progress of observational cosmology in the last decade. How-
ever, we still can not answer the question of the temporal evolution of the density of
dark energy. If this value varies with time, we are forced to seek an alternative to the
cosmological constant. In a very short time, many alternative possibilities have been
explored. Scalar fields,6, 11, 12 which formed the post-inflationary Universe, are one
of the main candidates for the role of dark energy. The most important discovery
in elementary particle physics—the discovery of the Higgs boson—has significantly
strengthened the status of the scalar fields.
The most popular version is a scalar field ϕ with a suitably selected potential
V (ϕ). In these models, unlike the cosmological constant, the scalar field is a dynamic
variable, and the density of dark energy depends on time. The models differ in
the choice of the Lagrangian of the scalar field. Let us start with, perhaps, the
simplest model of the dark energy of this type, called the quintessence.33–37 By the
quintessence we mean a scalar field ϕ in a potential V (ϕ) minimally coupled to
gravity, i.e. it is only influenced by the curvature of space-time, and it is limited by
the canonical form of kinetic energy. The action for such a field has the form
S ≡
∫
d4x
√−gL =
∫
d4x
√−g
[
1
2
gµν
∂ϕ
∂xµ
∂ϕ
∂xν
− V (ϕ)
]
, (39)
where g ≡ det gµν . The equation of motion for the scalar field is found by varying
the action over the field,
1√−g∂µ
(√−ggµν ∂ϕ
∂xν
)
= −dV
dϕ
. (40)
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In the flat Friedmannian Universe, i.e. for the FLRW metric, for the homogeneous
field ϕ(t) we obtain the equation:
ϕ¨+ 3Hϕ˙+ V ′(ϕ) = 0. (41)
In the case of the homogeneous field ϕ(t) in a locally Lorentzian system in which
the metric gµν can be replaced by the Minkowski metric, we obtain for the density
and pressure of the scalar field
ρϕ ≡ T00 = 1
2
ϕ˙2 + V (ϕ); pϕ ≡ Tii = 1
2
ϕ˙2 − V (ϕ). (42)
The Friedmann equations for the flat Universe filled with the scalar field take on
the form
H2 =
1
3
[
1
2
ϕ˙2 + V (ϕ)
]
; H˙ = − ϕ˙
2
2
.
The deceleration parameter in the Universe filled with the scalar field is
qϕ =
d
dt
(
1
H
)
− 1 = ϕ˙
2 − V
1
2 ϕ˙
2 + V
. (43)
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4. Cosmography as a universal method to analyze the cosmological
models
4.1. Basic cosmographic methods for determination of the model
parameters
Dynamical system38 represents a mathematical model of some object, process or
phenomenon, which enables us to describe its time evolution. However odd it could
seem, an introduction of some simplifying assumptions makes the Universe a rather
simple dynamical system. In the framework of GR the dynamics of homogeneous
and isotropic Universe obeying the cosmological principle can be reduced to the
simple differential equations (the Friedmann equations) for the scale factor and the
energy densities of its components. The Friedmann equations represent a mathe-
matical model of the real Universe. A mathematical model in form of the dynamical
system is considered well-defined if, besides the law of evolution for an initial state
(the differential equations), it contains the parameters reflecting the parameters
of the real object which we intend to model. The problem is that the model pa-
rameters are linked to the observed ones, but they are not identical. Numerous
cosmological models used for description of evolution of the Universe generated
even greater number ”independent” parameters of different nature, such as initial
density of matter and cosmological constant value in the SCM, equation of state
parameters (in the polytropic model or Chaplygin gas), the coupling constant in
different models with interacting dark energy and dark matter, matter creation rate
(in the models with particle generation), dissipative characteristics (in the models
with bulk viscosity), to mention a few. A natural question arises: is it possible to
put this disordered mess into a system or reduce the number of the parameters if
we establish the links between the parameters on a deeper level? It is due to recall
here an important methodological principle, the so-called the Occam’s razor: there
is no need to multiply essences without necessity. This is more than an aesthetic
question. Having reduced number of the cosmological parameters and developed a
unified method of their determination, we will simplify testing of the models and
limit the role of the observational cosmology to the determination of a small number
of the cosmographic parameters.
In 2008 Dunaisky and Gibbons22 proposed an original approach to testing of the
cosmological models obeying the cosmological principle. The essence of the proposed
approach is extremely simple: let the system is described by n free parameters.
Assuming that the dynamical variables are multiply differentiable functions of time,
let us differentiate the initial evolution equation n times. The obtained system will
be used to express the free parameters in terms of time derivatives of the dynamical
variables. The latter can be treated as a set of kinematic parameters available to
direct observation. An attractive aspect of this approach to the determination of the
parameters is the necessity to solve a system of algebraic rather than differential
equations. It should be stressed that thus obtained relations between the model
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In order to realize the proposed approach treating the Universe as a dynamical
system described by the Friedmann equations, the following steps should be made:
(1) Transform the first Friedmann equation into an ordinary differential equation
for the scale factor. In order to that we use the conservation equation for each
component included into the model to determine the dependence of the energy
density on the scale factor.
(2) Differentiate the obtained equation as many times as there are free parameters
in the model.
(3) Express the time derivatives of the scale factor in terms of the cosmographic
parameters.
(4) Having solved the obtained system of linear algebraic equations, we express the
free parameters of the model in terms of the cosmographic parameters.
To give the realization examples of the considered procedure, let us start from the
SCM—the model of the Universe filled by the dark energy in form of the cosmolog-
ical constant and non-relativistic matter which do not interact with each other.
Using the expression for the matter density
ρm =
M
a3
(M = const),
we can represent the first Friedmann equation in the following form
a˙2 + k =
1
3
M
a
+
1
3
Λa2, 8piG = 1. (44)
Differentiation of the latter expression twice with respect to time gives
a¨ = −1
6
M
a2
+
1
3
Λa,
...
a =
1
3
Ma˙
a3
+
1
3
Λa˙. (45)
Using the definition of the cosmographic parameters
H ≡ a˙
a
, q ≡ −a a¨
a˙2
, j ≡ a2
...
a
a˙3
; (46)
the equation (45) can be presented in the form
q =
1
2
A−B,
j = A+B, A ≡ 1
3
M
a3H2
, B ≡ 1
3
Λ
H2
. (47)
One then finds that
A =
2
3
(j + q),
B =
2
3
(
1
2
j − q
)
. (48)
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The Friedmann equation (44) in terms of the above introduced variables A and B
takes on the following form:
k
a2
= (A+B − 1)H2, (49)
or equivalently
k = a2H2(j − 1). (50)
The relation (50) links the curvature parameter k with the cosmographic parameters
H and j. It then follows that the condition j = 1 is necessary to ensure that the
Universe with the given energy composition has the flat geometry.
The expressions (47) and (48) solve the above posed question how to express the
model parameters in terms of the cosmographic ones. In particular, for the energy
density of the cosmological constant
ρΛ = Λ (8piG = 1)
one finds
Λ = (j − 2q)H2 = (1− 2q)H2. (51)
Here we have taken into account that j = 1 in the SCM. Energy density of the
cosmological constant does not depend on time, that is why explicit calculation of
the time derivative Λ˙ represents a natural test for correctness of the relation (51).
Using the expressions (17) for H˙ and (18) for q˙, it is easy to see that the condition
Λ˙ = 0 holds exactly:
Λ˙ = −2q˙H2 + 2(1− q)HH˙ = 2H3 [(1− 2q2 − q)− (1− 2q)(1 + q)] = 0.
As Λ = const, the right-hand side of the relation (51) can be calculated at the
parameters q and H values corresponding to any time moment. Using the current
values of the parameters, for the cosmological constant Λ and its relative density
ΩΛ0 ≡ Λ
3H20
at the present time one finds the following values:
Λ = (1− 2q0)H20 , (52)
ΩΛ0 =
1
3
(1− 2q0). (53)
Of course, the result (53) directly follows from the expression (35) for the deceler-
ation parameter in a flat Universe, however it was obtained here in an alternative
way, which represents a universal method to obtain arbitrary model parameters.
Let us make sure that the above obtained expressions obey the flatness condition
k = 0, which can be reformulated in terms of the relative densities Ωm and ΩΛ in
the form
Ωm +ΩΛ = 1. (54)
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Using the above found solutions (53), we obtain
Ωm +ΩΛ =
2
3
(1 + q) +
1
3
(1− 2q) = 1. (55)
Let us now perform a similar procedure for a Universe filled by the non-relativistic
matter with the density
ρm =
Mm
a3
and radiation with density
ρr =
Mr
a4
which do not interact with each other.
We can represent the first Friedmann equation in the form
a˙2
a2
+
k
a2
=
Mm
a3
+
Mr
a4
,
8piG
3
= 1. (56)
Taking time derivative twice, one finds
a¨ = −1
2
Mm
a2
− Mr
a3
,
...
a =
Mm
a3
a˙+ 3
Mr
a4
a˙. (57)
Using the definitions (46) of the cosmographic parameters q and j, one obtains
q =
1
2
A+B,
j = A+ 3B, A ≡ Mm
a3H2
, B ≡ Mr
a4H2
. (58)
One then finds
A = −2j + 6q,
B = j − 2q. (59)
The Friedmann equation (56) in terms of the above introduced variables A and B
takes on the form
k
a2
= (A+B − 1)H2, (60)
or, in terms of the cosmographic parameters,
k = a2H2(4q − j − 1). (61)
Let us consider the limiting cases of the latter relation: the flat Universe solely filled
with the non-relativistic matter and the flat Universe solely filled with radiation.
In the former case, we have A = 1, B = 0, k = 0, and q = 1/2, therefore j = 1 as
it should be, because the considered Universe is nothing than a particular (matter-
dominated) case of the SCM, where this relation holds exactly. In the latter case
A = 0, B = 1, q = 1, and k = 0, then j = 3.
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The above considered procedure enables us to find the connections between the
cosmographic parameters without any free parameters. Let us give an example for
the above considered model of the Universe filled with the dark energy in form of
the cosmological constant and the non-relativistic matter without interaction with
each other.
Using the expression (45) for
...
a , we find
...
a =
M
3
a¨
a3
−M a˙
2
a4
+
Λ
3
a¨. (62)
For the parameter
s ≡ a3
....
a
a˙4
one finds
s = −(A+B)q − 3A. (63)
Substitution of the quantities A and B into the latter equation gives
s+ 2(q + j) + qj = 0. (64)
The latter expression represents an ordinary differential equation of the fourth order,
and it is absolutely equivalent to the first Friedmann equation. It was first obtained
in the paper.22
The relation (64) can be derived in an alternative way using the the fact that
in the SCM
dj
dt
= 0
and therefore according (18)
dj
dt
= H [s+ j(2 + 3q)] = 0. (65)
For the case j = 1 the latter equation (65) reproduces (64).
Let us now perform the similar consideration for the case of the Chaplygin gas
with the equation of state
p = −A
ρ
.
Solving the conservation equation, we find the energy density as a function of the
scale factor
ρ =
√
A+Ba−6, (66)
where B is the integration constant. For small values of a(t) density and pressure
of the Chaplygin gas behave as the corresponding quantities of the non-relativistic
matter:
ρ ∝ a−3, p = 0,
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and for large a they mimic the cosmological constant:
ρ = const, p = −ρ.
We are mostly interested in the intermediate region, where we can use the following
approximation
ρ =
√
A+
B√
2A
a−6. (67)
We represent the first Friedmann equation in the form
a˙2 + k = αa2 + βa−4, α ≡
√
A, β ≡ B√
2A
. (68)
Consecutive differentiation of the latter equation allows us to evaluate the cosmo-
graphic parameters
q = − α
H2
+
2βa−6
H2
≡ −M +N,
j =
α
H2
+
10βa−6
H2
≡M + 5N, (69)
s = − αa¨
aH4
− 60βa
−6
H2
+
10βa−6a¨
aH4
= −Mq − 30N − 5Nq.
Solving for M and N , we find from the first two equations
M =
1
6
(j − 5q),
N =
1
6
(j + q). (70)
Substituting M and N into the last equation of the system (69), we finally get
s+ 5(q + j) + qj = 0. (71)
Of course, the latter relation is valid only in the limit
B
2
√
A
a−6 ≪ 1.
Similar procedure for the generalized Chaplygin gas with the equation of state
p = − A
ρα
leads to the following:
s+ (3α+ 2)(q + j) + qj = 0. (72)
We should note that for α = 1 we recover the above obtained result for the Chap-
lygin gas. If we want to exclude also the parameter α from the final equation, we
have to perform additional differentiation of the Friedmann equation and introduce
the additional cosmographic parameter
l =
1
a
d5a
dt5
(
1
a
da
dt
)
−5
.
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As the result we obtain
− 2qs− 2jq2 − lq− 2sj − 3sq2 − j2q − lj + s2 − 3q2j − qsj + j3 − 2j2q2 = 0. (73)
Deriving the latter relation we used the approximation analogous to the one used
in (67), and therefore it has a limited validity.
The relations between the time derivatives of density and pressure (20) obtained
in Chapter 2 in some cases enable us to simplify considerably the procedure of
determination of the model parameters without the use of the Friedmann equations.
As an example, let us find the parameter A for the Chaplygin gas with the state
equation p = −A/ρ. Using the relations p = −H2(1 − 2q) and ρ = 3H2, we can
obtain
A = 3H4(1 − 2q) = 3H20 (1− 2q0). (74)
The parameter A can be expressed also in terms of the higher cosmographic param-
eters. Using for example p˙ = A ˙ρ/ρ2 and taking into account that ˙ρ = −6H3(1 + q),
we find
A =
p˙
ρ˙
ρ2 = 3H4
j − 1
q + 1
. (75)
We obtained two different expressions for the same constant. It requires the existence
of certain link between the cosmographic parameters that enter the two relations:
1− 2q = j − 1
1 + q
⇒ j = 2− q − 2q2. (76)
Let us check that exactly this relation between the cosmographic parameters is
realized in the Chaplygin gas model. Indeed, in the considered model
p˙
p
= − ρ˙
ρ
⇒ 1− 2q = j − 1
1 + q
⇒ j = 2− q − 2q2. (77)
We should stress that the relation j = 2 − q − 2q2 is not universal, it takes place
only in the Chaplygin gas model.
The results obtained above can be generalized22 on the case of (n + 1)-
dimensional uniform and isotropic Universe, filled with the cosmological constant Λ
and a component with the equation of state pm = wρm, which do not interact with
each other. Let us express the curvature parameter k in terms of the cosmographic
parameters in this case.
The evolution equations for the considered Universe read
H2 =
2
n(n− 1)ρ−
k
a2
, 8piG = 1,
ρ = ρm + Λ, (78)
ρ˙m + nH(ρm + pm) = 0.
Using the conservation equation, we find
ρ = ρ0a
−n(1+w) + Λ. (79)
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Substitution of this density into the first Friedmann equation gives
a¨ =
2
n(n− 1)ρ0a
−n(1+w)+2 +
2Λ
n(n− 1)a
2 − k. (80)
We introduce the notation
− n(1 + w) = N, 2
n(n− 1) =M. (81)
In this notation, the first Friedmann equation reads
a˙2 =Mρ0a
N+2 +MΛa2 − k. (82)
Differentiation of the latter equation with respect to time gives
a¨ =
1
2
Mρ0(N + 2)a
N+1 +MΛa,
...
a =
(N + 1)(N + 2)
2
Mρ0a
N a˙+MΛa˙. (83)
Using the cosmographic parameters, we can write
q = − a¨a
a˙2
= −1
2
Mρ0(N + 2)
aN
H2
− MΛ
H2
,
j =
...
a a2
dota3
=
(N + 1)(N + 2)
2
Mρ0
aN
H2
+
MΛ
H2
. (84)
With the notations
A ≡ −Mρ0(N + 2)a
N
H2
, B ≡ MΛ
H2
, (85)
the equation (84) take on the form
q =
1
2
A−B,
j = −N + 1
2
A+B. (86)
It then follows that
A = − 2
N
(q + j), B = − 1
N
[(N + 1)q + j]. (87)
In terms of the parameters A and B the first Friedmann equation takes on the form
k
a2H2
= − 1
N + 2
A+B − 1, (88)
or equivalently in terms of the cosmographic parameters q and j
k = a2H2
{
2
N(N + 2)
(q + j)− 1
N
[(N + 1)q + j]− 1
}
. (89)
For n = 3, w = 0 (N = −3) the latter expression for the spatial curvature reduces
to
k = a2H2(j − 1) (90)
December 7, 2018 1:25 WSPC/INSTRUCTION FILE ws-ijmpd˙ac
Applied (Practical) Cosmography 25
which reproduces the the above obtained equation (61).
Let us now find the analogue of the equation (64) for the multidimensional case.
Using the above-obtained expression (83) for
...
a , we can find
....
a =
N(N + 1)(N + 2)
2
Mρ0a
N−1a˙2 +
(N + 1)(N + 2)
2
Mρ0a
N a¨+MΛ
...
a . (91)
Taking into account the definition
s =
a3
a˙4
,
we obtain
s =
(
N + 1
2
A−B
)
q − N(N + 1)
2
A. (92)
The parameters A and B are defined in the relations (87). In terms of the cosmo-
graphic parameters we finally obtain
s−
{
2
N
(q + j) +
1
N
[(N + 1)q + j]q − 6
N
(q + j)
}
= 0. (93)
The latter equation (93) represents the first Friedmann equation expressed in terms
of the cosmographic parameters for the n-dimensional case. For N = −3 (n = 3,
w = 0) the above obtained result reproduces the equation (64).
Let us now consider a more general setup for the cosmography of the two-
component Universe (without the interaction between the components). Let the
equations of state for the non-interacting components read
pA = wAρA, pB = wBρB. (94)
The energy densities ρA and ρB satisfy the following conservation equation
ρ˙A + 3H(ρA + pA) = 0,
ρ˙B + 3H(ρB + pB) = 0. (95)
Using the equations of state (94) we find
ρA(a) = ρ0a
−3(1+wA) ≡ A
aα+2
,
ρB(a) = ρ0a
−3(1+wB) ≡ B
aβ+2
, (96)
where A ≡ ρ0A, B ≡ ρ0B, α ≡ 3wA + 1, β ≡ 3wB + 1. Substitution of the latter
solutions into the first Friedmann equation gives
a˙2 + k =
A
aα
+
B
aβ
. (97)
Taking twice the time derivative of the latter equation generates the following sys-
tem of linear equations for the constants A and B:
−2 a¨
a
= 2H2q = Aαa−α−2 +Bβa−β−2,
2
...
a
a
= 2H2j = Aα(α + 1)a−α−2 +Bβ(β + 1)a−β−2. (98)
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Solving the latter system we find
A =
2H2[j − (β + 1)q]
α(α− β) a
α+2,
B =
2H2[j − (α+ 1)q]
β(β − α) a
β+2. (99)
Substitution of the above-found solutions into the Friedmann equation (97) gives
the following expression for the curvature parameter
k =
2a2H2
αβ
[q(α+ β + 1)− j]− 1. (100)
It is easy to check that the relation (100) correctly reproduces the above considered
particular cases (50) and (61). In order to establish the connections between the
cosmographic parameters we need the additional differentiation of the Friedmann
equation leading to
2
H
( ....
a
a˙
− a
(V )
a˙2
)
= 2H2(s+qj) = −Aα(α+1)(α+2)a−α−2−Bβ(β+1)(β+2)a−β−2.
(101)
Using the definition of the cosmographic parameters (7) and the above-found solu-
tion (99), we can transform the equation (101) to the following
s+ qj + (α+ β + 3)j − q(α+ 1)(β + 1) = 0. (102)
This differential equation represents a generalization of the equation (64) on the
case of the components with the equation of state pi = wiρi, (wi = const). For the
above considered case of the Universe filled with the dark energy in form of the
cosmological constant and the non-relativistic matter, which do not interact with
each other, we have wA = −1, wB = 0, α = −2, β = 1, and we recover to the
equation (64).
The above considered procedure can be made more universal and efficient, if
we start from the system of Friedman equations for the Hubble parameter H and
its time derivative H˙ . For the case of the multicomponent Universe this system of
equations takes on the form
H2 =
1
3
ρ− k
a2
, ρ =
∑
i
ρi, (103)
H˙ = −1
2
(ρ+ p) +
k
a2
, p =
∑
i
pi. (104)
Taking time derivatives of the equation (104) as many times as needed, we obtain the
system of equations including higher order time derivatives of the Hubble parameter
H¨ ,
...
H , and
....
H . This derivatives are immediately connected to the cosmographic
parameters by the relations (17). Solving the corresponding system of equations we
can find the free parameters of the model. As an example, let us apply this approach
to the above considered case of the Universe filled with the dark energy in form of
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the cosmological constant and non-relativistic matter that do not interact with each
other. The only difference from the SCM is that the spatial curvature is arbitrary.
The model is described by the following system of Friedmann equations
H2 =
1
3
ρm +
1
3
Λ− k
a2
, (105)
H˙ = −1
2
ρm +
k
a2
. (106)
Taking time derivative of the equation (106), we find
k
a2
=
H¨
H
+ 3H˙. (107)
Substituting the expressions for H˙ and H¨ that we already used many times above,
we recover the result (50). We should note that, unlike in the previous approach,
we did not use here the solutions for the matter density as a function of the scale
factor. Of course, for the case under consideration the explicit dependence can be
trivially found, but a similar procedure can be applied to the models where it is
really difficult to find the energy density as an explicit function of the scale factor.
Therefore, parameters of any model that satisfies the cosmological principle can
be expressed in terms of the cosmographic parameters. Speaking more strictly, any
one-parametric model can be described by two arbitrary cosmographic parameters.
It is the most convenient to choose for them the current value of the Hubble param-
eter H0 and the deceleration parameter. Thus, for example of the Chaplygin gas
model with the equation of state p = −A/ρ the parameter A = 3H20 (1− 2q0) (74),
and for the cosmological models with bulk viscosity ζ generating the additional
negative pressure p = −3Hζ the parameter
ζ =
1
9
H0(1− 2q0)
(see Sect.6.1). The two-parametric models require already three cosmographic pa-
rameters: H0, q0 → H0, q0, s0.
The proposed method enables us to significantly facilitate the testing of the cos-
mological models for the compatibility. It is crucial that the parameters of different
models can be expressed through the unique parameter set. If some two models
correspond to two non-overlapping regions of the cosmographic parameter space
then the models are surely incompatible.
At last, as the proposed method allows us to fix the model parameters, we can
answer the question: is it possible to achieve the goals the models was designed for?
Thus, for example, a wide class of cosmological models was created to explain the
accelerated expansion of the Universe without the use of the dark energy. All those
models can realize the regime of the accelerated expansion only in certain regions
of the parameter space. The proposed method enables us to clarify whether those
regions correspond to the observed values of the cosmographic parameters.
The method is especially efficient in the cases where the dynamical variables of
the model directly depend on the Hubble parameter (as for example for the case of
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the bulk friction with p = −3Hζ or in the models with the time-depending cosmo-
logical constant in the form Λ(t)→ Λ(H)). We show below some examples of the cos-
mological models (to be considered in details in the following Chapters), where the
cosmographic analysis in terms of the Hubble parameter derivatives H˙, H¨,
...
H,
....
H
is definitely more efficient than the original approach of Dunajski and Gibbons.22
1. Dynamic models of vacuum energy, called ”The running vacuum models”,39–41
in which it is assumed that the density of vacuum energy depends on the Hubble
parameter and its time derivatives,
Λ(H, H˙) = C0 + C1H
2 + C2H˙ +O
(
H4
)
(108)
2. Models with the creation of particles - ”Creation model”,41–44 in which nega-
tive pressure is generated in the process of creating particles due to the energy of the
gravitational field. Models with the speed of creation of matter, depending on the
Hubble parameter, allow us to describe the evolution of the Universe, starting with
the post-inflation phase and ending with the current stage of accelerated expansion.
In the most general model of this type,
Γ(H) = Γ0 + Γ1H + Γ2H
2 + Γ−1/H (109)
each member is responsible for a certain period of the evolution of the Universe.
3. Models that include bulk viscosity as a source of negative pressure.45, 46 As we
will see below, the model parameters ς can be expressed in terms of cosmographic
parameters for both constant bulk viscosity and for more complex cases
ς = ς0 +Hς1 +
(
H˙ +H2
)
ς2 = ς0 +Hς1 +
(
H˙ +H2
)
ς2 (110)
4. Cosmological models of a flat homogeneous and isotropic Universe, including
additional entropic forces.47 It is assumed that the entropic forces depend onH and
H˙
H2 =
1
3
ρ+ f(t), f(t) = α1H
2 + α2H˙,
H˙ +H2 = −1
6
(ρ+ 3p) + g(t), g(t) = β1H
2 + β2H˙ (111)
Two types of models are considered. In the first, the entropy forces are included
both in the first and in the second Friedmann equations (Λ(H) -type models,f(t) =
g(t)), and in the second case - only in the second Friedmann equation f(t) = 0, as
is done in models with bulk viscosity.
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5. Reconstruction of cosmographic parameters
The above-considered method to reconstruction of the cosmological model parame-
ters based on usage of their kinematic characteristics assumes that we know current
values of at least a few first cosmographic parameters. Reconstruction of the cos-
mographic parameters basing on a wide spectrum of the cosmological observational
data represents an extremely complicated problem which includes a large number
of processes of different nature taking place at a huge distance from the observer.
A trajectory in the configuration space represents the basic object of the kine-
matics. Kinematic characteristics of the trajectory (such as velocity, acceleration,
etc.) help us to construct the dynamical model able to realize such trajectory. For
example, Kepler orbits of the planets correspond to strictly defined dynamics (or at
least sharply limit the number of the allowed models). In cosmology, the scale factor
a(t) serves as a trajectory r(t). The scale factor cannot be immediately measured,
but we can observe the cosmological phenomena characterized by different integrals
of the scale factor. As we have seen above, the cosmographic parameters represent
the coefficients of the Taylor series for the scale factor (see 8). The cosmographic
parameters can in principle be determine by fitting of the integral characteristics
with respect to the observations.
The most popular characteristic of that type is the distance (photometric, an-
gular diameter or other) to the source of radiation. Application of decompositions
of uh type faces an obvious problem: poor convergence of the series in the redshift z
for z ≤ 1 and absence of the divergence for z > 1. As was shown in,48 this problem
can be solved by introduction of the new variable
z → y = z
1 + z
. (112)
When using the traditional redshift, the convergence radius is Rz = 1. While the
convergence range [0, 1] is formally the same for the y-variable, it corresponds to
[0,∞] in terms of z. Therefore, the y-series remain within the convergence range
even for the giant redshift values of the relic radiation
z ≈ 1100→ y = 0.999. (113)
However, the necessity to take into account a large number of the series terms
represents a problem even for the y-variable.
The procedure of determination of the cosmographic parameters can considered
from another (perhaps more formal) point of view. The Hubble’s law says nothing
about the magnitude, sign or the very possibility of non-uniform expansion of the
Universe. It is valid in the approximation which is insensitive to the acceleration. In
order to investigate non-linear effects we need data for greater redshifts. If we could
detect a deviation from the linearity in the Hubble diagram drawn on the basis of
the observations, we would be able to determine the sign of the acceleration basing
on the magnitude and sign of the deviation. If the deviation lies towards greater
distances for a given redshift, then the acceleration is positive. The Hubble diagrams
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enable us to investigate even thiner geometrical features, in particular, to determine
the deceleration parameter q, and even higher order cosmographic parameters j, s,
l (however with ever growing inaccuracy).
The distances are estimated by the luminosity of the source, under assump-
tion that the considered population of sources represents the standard candles: an
ensemble of objects with practically identical luminosity. Therefore the observed
luminosity of such objects depends only on the distance to them. Supernova Ia
bursts (exploding white dwarfs) give an example of the standard candles. As all
the white dwarfs have almost identical mass, their luminosity is also practically the
same. Their giant explosion power 1036W gives an additional bonus, as they can be
observed up to very far distances.
The supernova bursts are seldom and occasional. In order to collect sufficient
statistics we should control a significant part of the sky. The burst takes place during
very limited time period, therefore it is crucial to detect the supernova as soon as
possible in order to record evolution of its luminosity. Of course, the main question
(whether we can consider the Ia supernovae as the standard candles) still remains
open. At the beginning of the 90th in the USA two projects were launched in order
to detect and analyze the SNE Ia bursts: they were called the SuperNova Cosmology
Project and High-Z SuperNova Search. Both of them analyzed the so called golden
set of the SNe Ia, containing 157 well studied SNe Ia with the redshift in the range
0.1 < z < 1.76. In 1998-1999 the results of the two groups9, 10 allowed to establish
the fact of the accelerated expansion of the Universe, that totally changed the
modern cosmology, and all the physics in general. The results were multiply repeated
during the next decade with ever growing statistics. The main conclusion always
remained the same: the Universe made transition from the decelerated expansion
to the accelerated one comparably recently (at z ≈ 0.5).
The method based on the observation of the supernovae bursts remains the
leader even today. But it occurred to have the competitors. A promising and ab-
solutely independent substitute (rather than a surrogate) is the observation of the
angular diameter distances DA(z) for a given set of distant objects. A combination
of the Syunyaev-Zeldovich effect49 and measurements of the surface brightness in
the X-ray range enables us to measure the angular diameter distance for the galac-
tic clusters.50 The Syunyaev-Zeldovich effect represents a small distortion of the
CMB spectrum due to the inverse Compton scattering of the CMB photons that go
through a population of the hot electrons. Observations of the temperature fluctu-
ations in the relic radiation spectrum of the galactic clusters, and the observations
in the X-ray range give us the possibility to obtain the dependence DA(z) in an
independent way. Therefore, DA(z) enables us to reconstruct the dynamics of the
Universe independently from the dL(z).
Let us now consider in details this new promising possibility to research the
history of the cosmological expansion of the Universe. Recall that for the standard
candles the cosmologists initially used the Cepheids: the stars with the intensity
proportional to the period of the brightness variation. A classical example of a
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Cepheid is the Polar star, which is the brightest and nearest to Earth, with the
variable luminosity period equal to 3.97 days. Cepheids are good standard candles
for galactic distances. They enabled us to determine dimensions of our Galaxy and
the distance to our nearest neighbor—Andromeda galaxy. In order to research dy-
namics of the Universe, we have to consider much larger scales and thus much more
powerful standard candles. Remember, that the cosmological principle (which all
the above-considered equations of the Universe dynamics are based on) postulating
homogeneity and isotropy of the Universe, works on the scales large than 100 Mpc.
Using Ia supernovae as the standard candles of much higher power enabled us to
penetrate much deeper into the history of the Universe. However, those standard
candles also had very limited potential. Up to the present, time we could observe
Ia supernovae only for z < 2, however, reliable reconstruction of the cosmological
expansion history requires to consider much higher redshift values, and thus much
more powerful standard candles. It turned out that such objects are available: it is
the so-called gamma-ray-bursts (GRB):51, 52 giant energy outbursts of the explosive
type with duration from three to a hundred seconds observed in the hardest part
of the electromagnetic spectrum. The energy amount 1054 erg radiated in the GRB
is by an order of magnitude higher than that of a supernova. It is comparable to
the Sun rest mass! The events generating the GRB are so powerful that can be
sometimes observed by naked eye, though they occur at the distances of the order
of billions light years from the Earth. The energy yield takes place in form of a col-
limated flow or a jet. That is because of the jets that we can see only a tiny fraction
of all the gamma-bursts occurring on the Universe. Distribution of the GRB over
the burst duration is clearly bi-modal.
The short GRB are possibly caused with a merger of neutron stars, or a neutron
star and a black hole. The longer events are presumably connected with a formation
of a black hole in a collapse of a massive star (more than 25 Solar mass) with
significant angular momentum—it is the so-called collapsar model. We can prove
the possibility to use the GRB as a standard candle basing on the so-called ’Amati
relation’53 which relates the peak frequency of the burst to its total energy—this
is an exact analogue of the period-luminosity relation for the Cepheids. GRB as
the standard candles yet have limited application because of the great dispersion of
their characteristics, however, this method is potentially very attractive as it gives
us a possibility to advance in considerably higher redshift range.
We can obtain information on the cosmographic parameters using the so-called
baryon acoustic oscillations.54, 55 Similar to the standard candles, they can be used
as the standard rulers, i.e. the objects with fixed linear dimensions. The baryon
acoustic oscillations are regular periodic fluctuations in density of the observed
baryon matter. These fluctuations generate the potential wells which are responsible
for a certain type of CMB anisotropy that can be observed. As we know the size
of the sound horizon at the recombination moment, we can determine the current
distance to the last scattering surface. As we have seen above, any distance in the
expanding Universe can be represented in form of series in the redshift, and the
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coefficients of the series are the cosmographic parameters.
At last, one more elegant method to determine the cosmographic parameters
relies on the decomposition (12)
H(z) = H0
(
1 + (1 + q0)z +
1
2
(j0 − q20)z2 +
1
6
(3q20 + 3q
3
0 − 4q0j0 − 3j0 − s)z3
)
(114)
If we could reconstruct the series (114) from the observational data, then the prob-
lem of determination of the cosmographic parameters would reduce to solving a
system of non-linear algebraic equations. Such possibilities really exist.56 In par-
ticular, it was recently shown that the so-called shining red galaxies give us an
additional possibility of direct measurement of the expansion rate.57–59 The idea is
to reconstruct the Hubble parameter from the time derivative of the redshift:
H(z) = − 1
1 + z
dz
dt
. (115)
The derivative can be found by measuring the ’age difference’ between two passively
evolving galaxies at different yet close redshifts. The method was already realized for
0.1 < z < 1.75. We should stress that this range includes the transition region under
interest which has z ≈ 0.5. The results of the analysis of the available data58 agree
with the data obtained from the supernovae and the angular diameter distance.
In the nearest future it is expected to obtain an array of 2000 passively evolving
galaxies in the range 0 < z < 1.5. These observations would enable us to obtain
1000 H(z) values with 15% accuracy, provided the galaxy ages are known with 10%
accuracy.
The Tables 1-3 show the values of the cosmographic parameters h ≡
H0/100 km sec
−1Mpc−1, q0, j0, s0, obtained
60 by the combination of the four above-
described observational methods.
Table 1. Cosmographic parameters reconstructed from the data on Ia SN,
BAO and H(z).60
Parameter h q0 j0 s0
Best fit 0.74 -0.48 0.68 -0.51
Mean 0.74 -0.48 0.65 -6.8
2σ (0.68, 0.72) (-0.5, -0.38) (0.29, 0.98) (-1.33, -0.53)
Table 2. Cosmographic parameters reconstructed from the data on
GRB, BAO and H(z).60
Parameter h q0 j0 s0
Best fit 0.67 -0.14 0.6 -5.55
Mean 0.67 -0.14 0.6 -5.55
2σ (0.66, 0.73) (-0.15, -0.14) (0.58, 0.62) (-5.7, 6.1)
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Table 3. Cosmographic parameters reconstructed from the data on Ia
SN, GRB and BAO.60
Parameter h q0 j0 s0
Best fit 0.72 -0.6 0.7 -0.36
Mean 0.72 -0.6 0.7 -0.37
2σ (0.67, 0.73) (-0.62, -0.55) (0.69, 0.73) (-0.4, 5)
Even a glance on the Tables 1-3, enables us to make the following conclusions.
The values of the cosmographic parameters in the Tables 1-3 rather well agree to
each other, but the deceleration parameter value (which is a crucial cosmological
parameter) in the Table 2 (-0.14) remarkably both from the values (-0.6) in the
other two Tables and from the value (≈0.55) obtained in the SCM. Similarly for
the parameter s0: in the Tables 1,2 this parameter is close to the value expected in
the SCM:
s0 = 1− 9
2
Ωm0 ≈ −0.325.
The Table 2 is the only one that is calculated disregarding the supernova data. This
is one more time that their crucial role as very reliable standard candles should be
stressed.
We should make an important remark: the traditional kinematics of the classical
mechanics is model-free—you need only a clock and a ruler to determine velocities
or accelerations. Unfortunately, when determining the cosmographic parameters,
we lack both the appropriate ruler and the clock to measure the cosmological time.
We need a model to calculate both the distances and the time intervals in the
expanding Universe. But all the above-obtained formulae are exact and valid for
arbitrary values of the cosmograpic parameters. They are waiting for the Cosmic
Concordance with respect to the cosmographic parameter values.
To avoid the confusion, we should stress that there are two sets of the cosmo-
graphic parameters. The first set H, q, j · · · ≡ (CP ) is generated by the decompo-
sition of the real scale factor a(t), and the coefficients in the decomposition can be
found analyzing the observations as was shown above. Elements of the set (CP )0
obey a number of universal (model-free) relations (see Sect.2), which contain time
derivatives (or derivatives with respect to the redshift). For example,
j = −q + 2q(1 + q) + (1 + z)dq
dz
,
s = j − 3j(1 + q)− (1 + z) dj
dz
. (116)
Each particular cosmological model that has a solution a∗(t) generates an alternative
paramter set H∗, q∗, j∗ · · · ≡ (CP )∗. The proximity (which of course requires a
detailed definition) of the sets (CP ) and (CP )∗ tells us that the corresponding
model is adequate.
As we have already mentioned, all the cosmographic parameters (CP )∗ can be
constructed under the assumption that a few first cosmographic parameters are
December 7, 2018 1:25 WSPC/INSTRUCTION FILE ws-ijmpd˙ac
34 Yu.L. Bolotin et al.
known. The proposed method to determine the model cosmographic parameters
is simple and universal. We have shown above that the first Friedmann equation
(after exclusion of the model parameters) can be represented solely in terms of the
cosmographic parameters. The equations (64), (73), and (92) give an example of the
relations of such type. Multiple differentiation of those equations with respect to
time followed by expression of the time derivatives of the cosmographic parameters
making use of the relations (18) directly in terms of the lower-order cosmographic
parameters enables us to express any cosmographic parameter through the several
given ones.
Let illustrate the latter notion by the following example of the SCM. Let us
assume that the two first cosmographic parameters are given:
q = −1 + 3
2
Ωm, j = 1. (117)
From (64) we find
s = −3q − 2 = 1− 9
2
Ωm. (118)
Taking derivative of the equation (64) with respect to time and making use of the
relation for the time derivatives of the cosmographic parameters (18), we obtain
s˙ = −2j˙ − q˙ ⇒ l = 1 + 3Ωm + 9
2
Ω2m. (119)
A similar procedure can be used in any other model which satisfies the Cosmological
Principle.
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6. Cosmography of one-component models without the dark
energy
According to the current cosmological paradigm, we live in a flat accelerated ex-
panding Universe. However, the physical origin of the cosmic acceleration is still
the greatest mystery. The Universe filled with ”ordinary” components (matter and
radiation) should eventually slow down the expansion. Any attempt to explain the
observed accelerated expansion of the Universe, remaining within the framework of
General Relativity, can be done only by modifying either the left or the right side
of the Einstein equations. SCM achieves agreement with cosmological observations
by including in the energy-momentum tensor a component of an unknown nature:
dark energy and dark matter. At the phenomenological level, the introduction of
dark components can be avoided by modifying the Friedmann equations, that is,
changing the direction of the evolution of the ordinary components (matter and ra-
diation) in the required direction. It turned out that the desired goal can be achieved
in various ways, including: the replacement of the ideal fluid by a viscous one, the
introduction of sources into the conservation equation, the transformation of the
equations of state, and many others. This Implementation of models of such type
requires a lot of additional parameters. In this section, we express the parameters
of a number of popular models through a universal set of cosmological parameters.
6.1. Kinematics of cosmological models with bulk viscosity
As far back as the 70s of the last century it became clear that one of the sources
of negative pressure necessary for the accelerated expansion of the Universe is the
bulk viscosity.61, 62 The bulk viscosity (sometimes called the ”second viscosity”) is a
consequence of a violation of local thermodynamic equilibrium. In the context of the
dynamics of the Universe, the bulk viscosity can arise because the thermodynamic
equilibrium simply does not have time to recover when the expansion is sufficiently
rapid. The additional pressure that arises when the thermodynamic equilibrium is
disturbed tends to return the system to the equilibrium. The pressure generated
by bulk viscosity decreases as we approach the thermodynamic equilibrium. In the
last decade, bulk viscosity as an alternative to dark energy was considered in the
papers.45, 46, 63–69
An alternative approach to introduce the bulk viscosity is to treat the dark
matter and the dark energy as a single substance with the equation of state p = p(ρ)
or p(H). We note that for a planar Universe these equations of state are equivalent.
Models of such a unifying type include the Chaplygin gas model mentioned above
with the equation of state
p(ρ) = − A
ρα
. (120)
where the constant A > 0 and 0 < α < 1.
At the phenomenological level, the additional pressure generated by bulk viscos-
ity can be included in the energy-momentum tensor of an ideal fluid, transforming
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it into a non-ideal70
Tµν = (ρ+ p− 3Hξ)uµuν + (p− 3Hξ)gµν (121)
where ξ is the bulk viscosity parameter, which will be referred to as bulk viscosity
for simplicity. This parameter enters into the Navier-Stokes equation, which de-
scribes the motion of a viscous fluid with non-relativistic velocities. The role of bulk
viscosity reduces to generation of the additional pressure −3Hξ.
The bulk viscosity, generally speaking, depends on the rate of cosmological ex-
pansion. An approximate form of this dependence was found in,71 based on the
following considerations. The bulk viscosity is used for the phenomenological de-
scription of the unknown properties of the dark components. Since the equation of
state of the dynamic dark energy depends on the rate of expansion of the Universe,
then the bulk viscosity simulating the properties of the dark components should
change as the Universe evolves. Capozziello et al.72 showed that the equation of
state with constant coefficients
p = p0 + wρ+ wHH + wH2H
2 + wdHH˙ (122)
describes quite well the complete history of the cosmological expansion. Ren and
Ming71 found that the bulk viscosity
ξ = ξ0 + ξ1H + ξ2
a¨
a
(123)
is equivalent to the equation of state (122). The purpose of this section, using the
approach proposed in the previous chapter, is to express the constants ξ0, ξ1, ξ2
through the cosmological parameters.
Let us start with the model of a flat Universe filled with a single component
- the non-relativistic matter (both baryon and dark) with the energy density ρm
and constant bulk viscosity (ξ = const).45 The conservation equation and the first
Friedmann equation in this case have the form
a
dρm
da
− 3(3Hξ − ρm) = 0,
H2 =
8piG
3
ρm. (124)
Excluding the Hubble parameter and changing the variables from the scale factor
to the redshift, we find
(1 + z)
dρm
dz
− 3ρm + γρ1/2m = 0, γ ≡ 9
√
8piG
3ξ
(125)
The solution of this equation is
ρm(z) =
[γ
3
+
(
ρ
1/2
m0 −
γ
3
)
(1 + z)3/2
]2
. (126)
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Substituting the above found solution ρm(z) into the first Friedmann equation, we
obtain for the Hubble parameter
H(z) = H0
[
ξ¯
3
+
(
Ω
1/2
m0 −
ξ¯
3
)
(1 + z)3/2
]
, ξ¯ ≡ 24piG
H0
ξ. (127)
For the one-component flat Universe Ωm0 = 1 and, consequently,
H(z) =
1
3
H0
[
ξ¯ + (3− ξ¯)(1 + z)3/2
]
. (128)
The obtained expression allows us to find the scale factor as a function of time. To
do this, we transform the expression for the Hubble parameter
H(a) =
1
3
H0
(
ξ¯a3/2 + 3− ξ¯
a3/2
)
. (129)
to
H0(t− t0) = 3
a∫
1
a′1/2
ξ¯a′3/2 + 3− ξ¯ da
′. (130)
For ξ 6= 0 and ξ¯a3/2 + 3 − ξ¯ > 0 (ξ¯a3/2 + 3− ξ¯ < 0 implies H < 0 and contradicts
the observations) we find
a(t) =
[
3 exp
(
1
2 ξ¯H0(t− t0)
)− 3 + ξ¯
ξ¯
]2/3
. (131)
We see that in the asymptotics t → ∞ in the interval 0 < ξ¯ < 3 this solution
demonstrates the de Sitter behavior
a(t) ∝ exp
(
ξ¯
3
H0(t− t0)
)
On the other hand, for all values of the bulk viscosity in this interval in the consid-
ered model (ξ = const), the Universe has experienced a ”Big Bang” in the past. Let
us determine how far this event took place in the past. The time of the Big Bang
tBB, determined by the condition a(tBB) = 0, is
tBB = t0 +
2
ξ¯H0
ln
(
1− ξ¯
3
)
(132)
This expression for zero bulk viscosity (ξ¯ = 0) correctly reproduces the lifetime of
the Universe filled with non-relativistic matter
H0(t0 − tBB) = 2
3
. (133)
Let us now proceed to calculate the deceleration parameter q(a, ξ). The second
Friedmann equation for the considered model has the form
a¨
a
= −4piG
3
(ρm − 9ξH). (134)
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Transforming variables to
ξ¯ ≡ 24piG
H0
ξ
and substituting
ρm =
3
8piG
, we obtain
a¨
a
= −1
2
(ξ¯H0 −H)H. (135)
Using the definition
q(a) = − a¨
aH2
and expression 129 for the Hubble parameter, we find
q(a, ξ¯) =
1
2
[
3− ξ¯(1 + 2a3/2)
3− ξ¯(1− a3/2)
]
. (136)
The expression obtained above allows us to classify the kinematics of the expansion
of the Universe depending on the value of the bulk viscosity parameter ξ¯(ξ).
(1) If ξ¯ = 0 then q = 1/2, that corresponds to the Universe with domination of
matter, which has zero bulk viscosity.
(2) If ξ¯ = 3 then q = −1, that corresponds to the de Sitter’s regime.
(3) In the interval 0 < ξ¯ < 3 the deceleration parameter is a monotonically de-
creasing function from the value q(0) = 1/2 to q(∞) = −1. The value of the
scale factor at which the transition from decelerated expansion to accelerated
one (q(at) = 0) takes place is equal to
at =
[
3− ξ¯
2ξ¯
]2/3
. (137)
It is interesting to note that for ξ = 1 the transition from decelerated expansion
to accelerated one occurs today: at = 1.
(4) If ξ¯ > 3 the expansion of the Universe is always accelerated, there are no periods
of decelerated expansion.
Using 136, we find the current value of the deceleration parameter
q(a = 1, ξ¯) =
1− ξ¯
2
. (138)
The latter relationship can be used to solve the problem posed: to express the bulk
viscosity parameter through the cosmographic parameters
ξ¯ = 2q0 − 1→ ξ = 1
3
H0(1 − 2q0). (139)
However, this solution is valid only for the simplest case ξ = const. Only in this case
there exists an analytic solution (131) for the scale factor, with the help of which
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all subsequent relations were obtained. Below we show that the approach proposed
in the previous chapter allows one to express bulk viscosity through cosmological
parameters for a more general case of variable bulk viscosity (123), obtaining precise
analytical formulas and spending significantly less computational effort.
To see this, we consider the system of Friedmann equations in the form (8piG =
1)
H2 =
1
3
ρ,
H˙ = −1
2
(ρ− 3Hξ). (140)
The second equation is obtained using the conservation equation
ξ¯ = 2q0 − 1→ ξ = 1
3
H0(1 − 2q0). (141)
The system 140 allows us to obtain for the bulk viscosity parameter the expression
ξ =
1
3
H(1− 2q). (142)
If ξ = const, then the right-hand side of (142) should not depend on time. Let us
verify this in the following way.
We consider the system of equations generated by successive differentiation of
the first Friedmann equation
H2 =
1
3
ρ (143)
2
3
H˙ = −H2 + H˙ξ (144)
2
3
H¨ = −2HH˙ + H˙ξ. (145)
As we saw above, the second equation allows us to find the bulk viscosity parameter
ξ. Substituting the expression (142) into the third equation, we obtain an equation
containing only cosmographic parameters
j − 1
2
(1 + q)− q2 = 0. (146)
This equation represents a third-order ODE (j =
...
a /(aH3)) for a scale factor as
a function of time. However, we are interested not so much in solutions of this
equation, as in the relationship between the cosmographic parameters that can
be obtained without resorting to these solutions. In particular, the relation (146)
allows us to express (within the frames of the model under consideration) any cos-
mographic parameter through the deceleration parameter. The relationship between
the parameters j and q is directly given by this relation.
Using the data given in the previous section for the current value of the decelera-
tion parameter q0 ≈ −0.48 and q0 ≈ −0.6 (see Table 1-3), we find for the parameter
j the values of j0 ≈ 0.49 and j0 ≈ 0.56. These values agree with the observations
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j0 ≈ 0.68 and j0 ≈ 0.7, however, they are obtained with the aid of simple exact
analytics.
The links of the deceleration parameter with higher cosmographic parameters
can be obtained by successive differentiation with respect to time of the relation
(146) and subsequent substitution of time derivatives of the cosmological parameters
(18). Let us calculate as an example the cosmographic parameter s,
j˙ − 1
2
q˙ − 2qq˙ = 0,
q¨ = −H(j − 2q2 − q),
j¨ = H [s+ j(2 + 3q)],
s =
5
2
j − qj − 5j2 + 1
2
q. (147)
Substitution of j = 12 (1 + q) + q
2 into the latter expression allows us to achieve
the desired result. We emphasize that the relations (146) and (147) are obtained
without using solutions for the scale factor and they are exact.
Returning to the relation (142), it is easy to see that condition
dξ
dt
= 0 =
d
dt
H(1− 2q) (148)
reduces to (146), which allows us to consider H(1 − 2q) as one of the integrals of
the ODE (146). This allows us to calculate the right-hand side of (142) at any time.
For the current time, we get the result exactly the same as (139).
Let’s make an important remark. Successively differentiating the Friedmann
equation, we can use any pair of equations to find the bulk viscosity. The higher
the derivatives of the Hubble parameter will be used, the higher the cosmological
parameters will enter into the formula for bulk viscosity. Of course, the solutions ob-
tained by using any pair of equations must coincide identically. Such an equivalence
can be realized only if there is a connection between the cosmographic parameters.
Let us demonstrate the correctness of this assertion on the example of the model
under consideration with a constant bulk viscosity. Expression (142) for the bulk
viscosity parameter was obtained using the equation including the first order time
derivative of the Hubble parameter H˙ (144). However, an expression for this pa-
rameter can be obtained using the equation for an arbitrary time derivative H(n).
In particular, from equation (145) we find
ξ =
2
3
H
j − 1
q + 1
.
Equating the expressions (149) and (142), we find that for the identical coincidence
of these expressions, the connection (146) between the deceleration parameter q
and the parameter j is necessary. In order to verify the correctness of the relation
obtained, we recall that j = 1 in SCM. The substitution j = 1 into (149) leads to
ξ = 0, which is natural, since there is no viscosity in the SCM.
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Introduction of the viscosity means a deviation from SCM and as a consequence
in this case j 6= 1. Using the observational data, it was shown in73 that the value
ξ =
1
9
H0ξ¯,
where
ξ¯ =
2piG
H0
ξ = 1.922± 0.089 (149)
represents the best estimate for the bulk viscosity. Such a value of bulk viscosity
requires the fulfillment of the relationship j0 + q0 ≈ 0. This result agrees well with
the latest estimates,74 according to which
q0 = −0.527+0.093−0.088, j0 = 0.501+0.558−0.527 (150)
A similar relationship between these parameters occurs for the values of these pa-
rameters obtained above in the cosmographic approach.
Cosmographic parameters reconstructed by GRB, BAO and H(z) are
q0 ≈ −0.48, j0 ≈ 0.49.
Cosmographic parameters reconstructed by SN 1a, GRB and BAO data are
q0 ≈ −0.6, j0 ≈ 0.56.
Above we considered the simplest version of bulk viscosity, when ξ = const. The
proposed method proves to be effective also for a more complex case, when the bulk
viscosity varies with the expansion of the Universe46
ξ = ξ0 + ξ1H. (151)
In this case, the system of equations for determination of the parameters ξ0 and ξ1
has the form (in the following formulas we use the condition 8piG/3 = 1)
H˙
H2
= −3
2
+
3
2
ξ0
H
+
3
2
ξ1,
H¨
HH˙
= −3 + 3
2
ξ0
H
+ 3ξ1. (152)
(153)
Taking into account that
H˙
H2
= −(1 + q)
and
H¨
hH˙
= − j + 3q + 2
1 + q
,
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we obtain
ξ0 =
2
3
H
j − q(2q + 1)
q + 1
,
ξ1 =
1
3
−2j + 2q2 + q + 1
q + 1
. (154)
(155)
Let’s check the obtained result. The condition ξ1 = 0 is transformed into the con-
dition 2j = 2q2 + q + 1. Substituting this value for j into the expression for ξ0, we
will see that
ξ0 =
2
9
H
j − q(2q + 1)
q + 1
→ 1
9
H(1− 2q). (156)
This precisely reproduces the result 142 obtained above for the case ξ = const
(taking into account the transition from the condition 8piG = 1 to the condition
8piG/3 = 1). Using a similar procedure for the model
ξ = ξ0 + ξ1H +
a¨
a
ξ2 = ξ0 + ξ1H + (H˙ +H
2)ξ2 (157)
we find
ξ0
H
= −2
9
q − 4
9
(1 + q)(j − q2)2
j2 + 2jq − q3 + s+ qs ,
ξ1 = −1
9
(
1 + 2q − 4(1 + q)(j + q)(q
2 − j)
j2 + 2jq − q3 + s+ qs
)
,
Hξ2 =
1
9
j2 + 2j(1 + q(3 + q)) + s+ q(s− q(2 + q)(1 + 2q)
j2 + 2jq − q3 + s+ qs . (158)
Let us dwell in more detail on the physical sense of the dependence of the volume
viscosity parameter on the rate of expansion of the Universe, given by the Hubble
parameter. The bulk viscosity leads to the generation of additional pressure
Peff = p+Π. (159)
where p is the ”ordinary” liquid pressure given by the equation of state p = wρ, and
Π is the pressure due to the bulk viscosity. According to Israel-Stewart theory,75, 76
it satisfies equation
τΠ˙ + Π = −3Hξ − 1
2
τΠ
(
3H +
τ˙
τ
− ξ˙
ξ
− T˙
T
)
(160)
Here τ , ξ and T stand for the relaxation time, bulk viscosity and temperature,
respectively. It is assumed that all these quantities are functions of the density of
the liquid77
τ = αρs−1,
ξ = αρs,
T = βρr. (161)
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where
r ≡ w
w + 1
,
and parameters α, β > 0. In the case when the relaxation time τ = 0, we return to
the case Π = −3Hξ considered above.
Combining the Friedmann equation with the conservation equation, we obtain
for the viscous pressure Π and its time derivative Π˙ the equations
Π = −
[
2H˙ + 3H2 + wρ
]
,
Π˙ = −
[
2H¨ + 6HH˙ + wρ˙
]
. (162)
Substituting these expressions into the evolution equation (160) and limiting our-
selves to the case of nonrelativistic matter (w = 0, r = 0), and assuming that the
bulk viscosity is proportional to the Hubble parameter (= 1/2),78 we obtain
H¨ + b1HH˙ −H−1H˙2 + b2H3 = 0,
b1 ≡ 3
(
1 +
1√
3α
)
, b2 ≡ 9
4
(
2√
3α
− 1
)
. (163)
Using a number of simplifications, we came to a model with a single free param-
eter α. Using known expressions for derivatives H˙ and H¨ , this parameter can be
expressed through cosmographic parameters q0 and j0,
α =
√
3
1
2 − q0
17
4 − j0 + 2q0 + q20
. (164)
For the recent estimates of the cosmographic parameters already used above (150),
we find α ≈ 0.6 which perfectly agrees with the value of this parameter α ≈ 0.66
found in the paper69 by complex calculations within the framework of the Israel-
Stewart theory.
6.2. Cosmological models with the creation of matter
One of the interesting possibilities to avoid the introduction of dark energy(a compo-
nent of an unknown nature) uses the fact that negative pressure—the key ingredient
required to achieve accelerated expansion—naturally arises when the system devi-
ates from thermodynamic equilibrium. In particular, as Zeldovich79 pointed out for
the first time, negative pressure is generated in the process of particle creation due to
the energy of the gravitational field. The problem to construct the models involving
a substantially quantum process of particle production is related to the difficulty of
including it in the classical Einstein’s field equations. At the phenomenological level,
these difficulties can be avoided,41 choosing for a model an open thermodynamic
system—a liquid with a non-conserved number of particles N(t). In the expand-
ing universe, the evolution of such a liquid will be described by the conservation
equation
n˙+ ϑn = nΓ. (165)
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where n ≡ N/V is the particle number density in the comoving volume V , ϑ = uµ;µ
is the velocity of the expansion of the liquid (ϑ == uµ;µ = 3H for the FLRW metric),
and Γ is the particle production rate in the comoving volume. Γ > 0 corresponds
to the particle creation, while Γ < 0 describes the annihilation process.
In order to find the additional pressure generated by the particle production
process, we express the first law of thermodynamics
dE = dQ− pdV (166)
in terms of specific values: the energy density ρ and the particle number density
n. Here dQ is the amount of heat that has entered the system over time dt. We
introduce the energy density ρ = E/V , particle number density n, and specific heat
dq = dQ/N . These quantities make it possible to transform (165) to the form
d
( ρ
n
)
= dq − pd
(
1
n
)
. (167)
We note that the conservation law (167) is also valid in the case when the number
of particles in the system is not conserved, i.e. N = N(t).
Consider the spatially flat FLRW model of the Universe, interpreting it as an
open thermodynamic system with the energy-momentum tensor
Tµν = (ρ+ p+Π)uµuν + (p+Π) gµν , (168)
where Π is the additional pressure generated by the process of particle production
due to the energy of the gravitational field.
Using the standard procedure for the transition from Einstein’s field equations
to the Friedmann equations, we obtain
ρ = 3H2,
H˙ = −1
2
(ρ+ p+Π) , 8piG = 1. (169)
The conservation equation in this case takes the form
ρ˙+ 3H (ρ+ p+Π) = 0. (170)
We shall now show that for adiabatic processes the additional pressure Π is deter-
mined by the rate of particle production Γ. To this end, we represent equation (166)
in the form
Tds = d
( ρ
n
)
+ pd
(
1
n
)
. (171)
Here s ≡ S/N is the specific entropy. Using the conservation equations (165) and
(170) for the derivatives n˙ and ρ˙ respectively, we obtain
nT s˙ = −3HΠ− Γ(ρ+ p). (172)
For adiabatic processes s˙ = 0 and, consequently,
Π = − Γ
3H
(ρ+ p). (173)
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Thus, we can state that, at least for adiabatic processes, the additional pressure
due to the creation of particles is completely determined by the rate of this process.
Interpreting Π as the pressure generated by dissipative processes in a liquid (for
example, bulk viscosity), we can say that a dissipative liquid is equivalent to an
ideal fluid with a variable number of particles.
The effective equation of state parameter for the cosmological model with the
creation of particles reads
weff =
ptot
ρtot
=
p+Π
ρ
,
Π = − Γ
3H
(ρ+ p) = −γρΓ
ϑ
, γ ≡ w + 1, (174)
weff = −1 + γ
(
1− Γ
3H
)
.
For Γ < 3H the parameter weff > −1, which corresponds to the quintessence, and
for Γ > 3H—to the phantom energy (with weff < −1). The case Γ = 3H realizes
the cosmological constant.
Now let us calculate the main cosmological parameter (the deceleration param-
eter) in the model with particle creation. Using the relation
q = −1− H˙
H2
and
H˙ = −3
2
γH2
(
1− Γ
3H
)
, (175)
we find
q = 1 +
3
2
γ
(
1− Γ
3H
)
. (176)
We now obtain the equation for the scale factor. Combining the modified Friedmann
equations (169) with the equation of state p = wρ, we find the desired equation
a¨
a
+
H2
2
[
1 + 3w − 1 + w
H
Γ
]
. (177)
Setting Γ = 0, we reproduce the standard second Friedmann equation.
Models with the creation of matter (Γ 6= 0) allow us to describe the evolution of
the Universe, beginning with the postinflationary phase and ending with the current
stage of accelerated expansion.41–44, 80–82 Moreover, within the framework of such
models, it is possible to reproduce a return in the future to the decelerated expan-
sion, interpreting the observed accelerated expansion as a transient process.42, 82 We
emphasize that the attractive feature of models with the creation of matter is the
absence of any exotic component like the dark energy.
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In attempt to describe the complete evolution of the Universe, we should consider
the rate of matter creation as a function Γ(H) of the expansion rate—the Hubble
parameter H . Various functions of the form
Γ(H) =
∑
i
ΓiH
i
have been studied recently [cf.44].
How adequately do these models describe the temporal evolution of the Uni-
verse? In a model using the matter creation rate as a power series in the Hubble
parameter, a set of additional parameters Γi arises. Therefore, any attempt to apply
the model should be preceded by the determination of the values of these param-
eters. A natural question arises: should we make additional cosmological measure-
ments to determine these parameters, or they can be expressed through already
known quantities? Below we give the positive answer to the question posed. We will
show that the parameters that determine the particle creation rate can be analyti-
cally expressed through the cosmographic parameters, using the approach proposed
in the present paper.
The relation (175) rewritten in the form
Γ = 3
(
1 +
2
3(1 + w)
H˙
H2
)
(178)
determines the time dependence of the matter creation rate if we know the evo-
lution of the Universe H(z). The function H(z) can only be calculated within the
framework of a certain model, for example, within the framework of the Standard
Cosmological Model, in which, however, there is no particle production process.
Inclusion of this process in the model will inevitably require ad hoc specification of
the function Γ(H). The simplest way out of the situation is the phenomenological
construction of the function Γ(H), relying on available information on known stages
of the evolution of the Universe.
To achieve this goal, we break the history of the Universe into three stages: the
early radiation-dominating Universe, the stage of slow expansion with the dom-
inance of matter and the current stage of accelerated expansion. Back in 1998,
Gunzing et al.83 formulated a number of requirements that the function Γ(H) must
satisfy in order not to conflict with the firmly established features of the early stage
of the evolution of the Universe. It turned out that the only function that satis-
fies these requirements is the rate of creation of matter proportional to the energy
density, i.e. Γ(H ∝ H2). For the intermediate phase with the dominance of matter,
the simplest choice is Γ(H) ∝ H . With this choice of the rate of matter creation,
equation (175) is easily solved, leading to H ∝ t−1 and the natural power-law de-
pendence of the scale factor on time. With the growth of time (decrease in density),
the mechanism should start working that generates the accelerated expansion of the
Universe due to the negative pressure generated by the process of particle creation.
As is known, the current stage of the evolution of the Universe is well described by
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the standard cosmological model. The evolution equation for the Hubble parameter
in this model reads
H˙ +
3
2
H2
[
1−
(
Hf
H
)2]
= 0, (179)
where Hf =
√
Λ/3 is the de Sitter asymptotics of the Hubble parameter (H ≥ Hf ),
Λ is the cosmological constant. Therefore, the explicit form of the function Γ(H)
can be found from the requirement that the evolution equation for the model with
the creation of matter (175) leads to the cosmological evolution that coincides with
the one in the Standard Model. Comparing (175) and (179), we find
Γ
3H
=
(
Hf
H
)
, (180)
or Γ ∝ H−1. The limiting value Γ = 3Hf corresponds strictly to the de Sitter phase:
H˙ = 0,H = Hf = const. Finally, the constant matter creation rate Γ = const allows
reproduction of cosmological models without initial singularities.44 Various linear
combinations of the terms Γ = const, Γ ∝ H , Γ ∝ H2, and Γ ∝ H−1 allow us to
construct a wide class of prospective cosmological models.
Let us now consider the procedure for determination of the matter creation rate
parameters for various types of the Γ(H) dependencies. We begin with the case
Γ(H) = Γ0 + Γ−1/H, (181)
where the model parameters Γ0 and Γ1 are constant values, which must be expressed
in terms of the current values of the cosmographic parameters.
The system of equations for determination of the required parameters reads
H˙
αH2
= 1− 1
3
Γ0
H
− 1
3
Γ−1
H2
,
H¨
αH˙H
= 2− 1
3
Γ0
H
, α ≡ −3
2
(1 + w). (182)
The left-hand sides of the system (182) represent dimensionless combinations of
the cosmographic parameters. Using the expressions for the time derivatives of the
Hubble parameter, we find
H˙
αH2
=
1
α
(1 + q),
H¨
αH˙H
≡ f1 = 2
3
(j + 3q + 2)
(1 + w)(1 + q)
. (183)
Solutions of the system (182) in terms of the cosmographic parameters read
Γ0
H
= 3(2− f1) = 2−j + 3w(1 + q) + 1
(1 + q)(1 + w)
,
Γ−1
H2
= 3
(
f1 − 1− 2
3
1 + q
1 + w
)
= −−2j + 2q
2 + 3(1 + q) + q + 1
(1 + w)(1 + q)
. (184)
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We recall that the right-hand sides of the relations (184) must be calculated at the
current values of the cosmographic parameters.
The solutions obtained above can be tested as follows. The deceleration param-
eter q in the model with particle creation is
q = − a¨
aH2
= −1 + 3
2
(1 + w)
(
1− Γ
3H
)
. (185)
Hence we find
Γ = H
1− 2q + 3w
1 + w
. (186)
The solutions (184) found above are, generally speaking, valid for any instance
of time. Therefore, when substituting them in (181), we must reproduce the rela-
tionship between the deceleration parameter and the particle creation rate (186).
Performing this substitution, we see that for the solutions found, the relation (186)
is satisfied. Using a similar procedure, we consider a number of models below.
A model including the constant and linear terms
Γ = Γ0 + Γ1H. (187)
similar to the former case, contains two free parameters, so to find them it suffices
to consider the first and the second time derivatives of the Hubble parameter. The
solutions obtained are:
Γ0
H
= 2
j − q(1 + 2q)
(1 + q)(1 + w)
,
Γ1 =
−2j + 2q2 + 3w(1 + q) + q + 1
(1 + w)(1 + q)
. (188)
It is easy to verify that the above-found values of the parameters satisfy the test
relation (186).
Parameters for the model
Γ = Γ0 + Γ2H
2. (189)
are equal
Γ0
H
=
2j + 3q(−2q + w − 1) + 3w + 1
2(1 + q)(1 + w)
,
Γ2H =
−2j + 2q2 + 3w(1 + q) + q + 1
2(1 + w)(1 + q)
. (190)
In order to find all the free parameters of the model
Γ = Γ0 + Γ1H + Γ−1/H. (191)
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we must include into consideration the third-order time derivative
...
H . The system
of equations for determination of the parameters then reads
H˙
αH2
= 1− 1
3
(
Γ0
H
+ Γ1 +
Γ−1
H2
)
,
H¨
αH˙H
= 2− 2
3
Γ1 − 1
3
Γ0
H
, (192)
...
H
αH¨H
=
(
2− 2
3
Γ1
)
H˙2
H¨H
+
(
2− 1
3
Γ0
H
− 2
3
Γ1
)
.
All the constructions H˙/(H2), H¨/(H˙H),
...
H/(H¨H), and H˙2/(H¨H), in the system of
equations (192) are known dimensionless functions of the cosmographic parameters.
Solving the system, we find for the free parameters
Γ0
H
= −2
[
j2 + j(q(q + 4) + 1) + q(2q + s+ 1) + s
]
(1 + q)3(1 + w)
,
Γ1 =
j2 + 2jq + 3q2 + qs+ 3w(1 + q)3 + 3q + s+ 1
(1 + q)3(1 + w)
, (193)
Γ−1
H2
=
j2 + 2j(q(q + 3) + 1) + q(s− q(q + 2)(2q + 1) + s
(1 + q)3(1 + w)
.
Finally, in the most general of the models we are considering, the matter creation
rate has the form
Γ = Γ0 + Γ1H + Γ2H
2 + Γ−1/H. (194)
Γ0 =
−2H(t)
(q + 1)2(w + 1) (3j2 + 6j (q2 + 5q + 3) + 2q4 + 26q3 + 87q2 + 86q + 26)
(
2j3(3q + 5) + j2
(
8q3 + 63q2 + 104q − s+ 38)+ j(−l(q + 1) + 2q5 + 34q4+
+174q3 + 2q2(s+ 145) + q(3s+ 164) + 3s+ 26
)− l (q3 + 6q2 + 8q + 3)+ 10q5+
+2q4s+ 77q4 + 19q3s+ 156q3 + 49q2s+ 112q2 + 50qs+ 26q + 17s
)
Γ1 =
1
(q + 1)2(w + 1) (3j2 + 6j (q2 + 5q + 3) + 2q4 + 26q3 + 87q2 + 86q + 26)
(
2j3(3q + 5) + j2
(
2q3 + q2(9w + 38) + 18q(w + 4)− s+ 9w + 25)+ j(−l(q + 1)+
+2q4(9w+2)+6q3(21w+13)+2q2(3s+126w+86)+q(11s+198w+106)+7s+54w+
+18
)−l (3q2 + 5q + 2)+6q6w+90q5w+6q5+2q4s+423q4w+96q4+26q3s+858q3w+
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+266q3 + 66q2s+ 855q2w + 285q2 + 63qs+ 414qw + 138q + 20s+ 78w + 26
)
Γ−1 =
H(t)2
3(q + 1)2(w + 1) (3j2 + 6j (q2 + 5q + 3) + 2q4 + 26q3 + 87q2 + 86q + 26)
(
12j3(2q+3)+ j2
(
24q3 + 259q2 + 434q − 3s+ 166)+ j(−3l(q+1)− 24q5− 46q4+
+454q3+2q2(s+559)+ q(s+768)+ 5s+156
)− l (4q3 + 21q2 + 27q + 10)− 12q7−
−174q6 − 726q5 + 6q4s− 1137q4 + 50q3s− 720q3 + 130q2s− 156q2 + 137qs+ 48s
)
Γ2 = − 2
3(q + 1)(w + 1)H(t) (3j2 + 6j (q2 + 5q + 3) + 2q4 + 26q3 + 87q2 + 86q + 26)
(
3j3 + j2(11q + 2) + j
(−2q3 + 13q2 + q(4s+ 6) + 4s)+ l(q + 1)2−
−6q4 − 3q3 + 7q2s+ 10qs+ 3s)
The above ratios for the parameters will allow, in particular, to answer the ques-
tion:41 will there be again a transition from acceleration to deceleration in the
framework of the creation model?
6.3. Cosmography of Cardassian Model
In this section, the focus of our attention will be the so-called Cardassian model
(CM),84, 85 which allows us to describe the accelerated expansion of the Universe
filled with ”habitual” components: matter and radiation.
As an alternative explanation for the observed accelerated expansion of the
Universe, Freese and Lewis84 proposed a modified version of the first Friedman
equation
H2 = g(ρm), (195)
where the energy density of the flat Universe ρ includes only non-relativistic matter
(both baryonic and dark) and radiation, but does not contain dark energy. We will
work further with the simplest version of the CM, which uses an additional power
law term on the right-hand side of the Friedmann equation
H2 = Aρm +Bρ
n
m. (196)
Note that B = 0 in the standard FLRW cosmology. Therefore, we must choose
A = 8piG/3.
Suppose that the Universe is filled only with non-relativistic matter. In this
case, with the dominance of the second term (high densities, late Universe): H ∝
December 7, 2018 1:25 WSPC/INSTRUCTION FILE ws-ijmpd˙ac
Applied (Practical) Cosmography 51
ρ
n/2
m ∝ a−3n/2, a˙ ∝ a−3n/2+1, a ∝ t2/(3n). Therefore, the expansion is accelerated
for n < 2/3. On the upper border for n = 2/3 we have a ∝ t and a¨ = 0; for n = 1/3
we have a ∝ t2 (the acceleration is constant). For n > 1/3 the acceleration is
diminishing in time, while for n < 1/3 the acceleration is increasing. It is interesting
to note that if n = 2/3 we have H2 ∝ a−2: in a flat Universe, the term similar to
the curvature term is generated by matter.
Let us represent the energy density of the Cardassian model in the form of a
sum of densities of ordinary matter ρm and a component with density ρX = ρ
n
m so
that H2 ∝ ρm + ρX . As we have seen above, a ∝ t2/(3n) in the case of dominance
of the additional term in the Friedmann equation. Since
a ∝ t 23(w+1) ,
we find that the parameter of the equation of state is
wX = n− 1. (197)
This relation holds for any arbitrary one-component liquid with wX = const. In
this case
dρX
dz
= 3ρX
1 + wX(z)
1 + z
. (198)
Taking into account that
ρX = ρ
n
m = (1 + z)
3(wX+1)n
, after substitution of
wx = n− 1. (199)
into (198) for 0 < n < 2/3 we find
− 1 < wx < −1/3. (200)
As expected, this interval of the parameter wX values generates negative pressure,
responsible for the late time accelerated expansion of the Universe.
We now calculate the deceleration parameter in the CM. Let us now apply the
cosmographic approach to find the parameters (B, n) for the CM. The evolution of
the CM is described by the system of equations
H2 = Aρ+Bρn; (201)
ρ˙+ 3Hρ = 0. (202)
Differentiating the equation (201) with respect to cosmological time and using (202)
we transform the system to the form
H2 = Aρm +Bρ
n
m; (203)
−2
3
H˙ = Aρm +Bnρ
n
m. (204)
December 7, 2018 1:25 WSPC/INSTRUCTION FILE ws-ijmpd˙ac
52 Yu.L. Bolotin et al.
Solutions of this system read
ρm = −
nH2 + 23H˙
A(1 − n) ; (205)
B =
H2 + 23H˙
ρn(1− n) . (206)
To calculate the parameter n, we need an expression for H¨ ,
2
9
H¨
H
= Aρm + n
2Bρnm. (207)
Substituting the above solutions (205) and (206) for ρ and B into this expression,
we obtain
2
9
H¨
H
= −n+ 2
3
H˙
H2
(1 + n). (208)
Hence for the parameter n we find
n = −
2
3
(
1
3
H¨
H3 +
H˙
H2
)
1 + 23
H˙
H
. (209)
Expressions (198) and (201) allow us to express the parameters of CM through the
cosmographic parameters. Using the known expressions for the time derivatives of
the Hubble parameter in terms of the cosmological parameters (**), we find
Bρnm
H2
=
1
3
(1− 2q); (210)
n =
2
3
j − 1
2q − 1 . (211)
Note that the parameters B and n are constants, which was explicitly used in
deriving the relations obtained above. Let us verify that the solutions (210) and
(211) found above agree with this condition. The requirement B˙ = 0 is transformed
into (208) and, consequently, it is consistent with the above obtained expression for
n. The constancy of the parameters allows us to calculate them for the values of the
cosmological parameters at any time instance. Since the main body of information
about cosmological parameters refers to the current time t0, the relations (210) and
(211) can be represented in the form
Bρn0
H20
=
1
3
(1 − 2q0); (212)
n =
2
3
j0 − 1
2q0 − 1 .
We should interpret the time-dependent solution for the density differently. Using
(210), it can be represented in the form
ρ
ρc
=
−n+ 23 (1 + q)
1− n , ρc ≡
3H2
8piG
. (213)
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The current density value in CM can be found by the substitution q → q0, H → H0.
It is interesting to note that the above-found expression (196) for the parameter
n coincides exactly with the parameter s, which is one of the so-called state finders23
r ≡ a˙
aH3
, s =
2
3
r − 1
2q − 1 . (214)
The coincidence is obvious, since r ≡ j. The reason for the coincidence can be
explained as follows. In any model for which the scale factor a ∝ tα the simple
relations hold for the cosmographic parameters q and j
2q − 1 = 2− 3α
α
, j − 1 = 2− 3α
α2
. (215)
In the Cardassian model
a ∝ t 23n ,
which implies that s = n.
Using the expression (203) for
...
H and the above-found solutions (205, 206, 211),
we obtain an equation relating the cosmological parameters
s+ qj + (3n+ 2)j − 2q(3n− 1) = 0; (216)
n =
2
3
j − 1
2q − 1 .
This is a fourth-order ODE for the scale factor. For n = 0 the equation (209) repro-
duces the known22 relation between the cosmographic parameters in the LCDM
s+ 2(q + j) + qj = 0. (217)
Let us now turn to the dimensionless form of the evolution equation (201) for the
scale factor a(t), the coefficients of which are expressed in terms of the cosmological
parameters. To this end, using
ρ =
ρ0
a3
,
the Friedmann equation can be rewritten in the form
a˙2 = Aρ0a
−1 +Bρn0a
−3n+2. (218)
Transferring to the dimensionless time τ = H0t and substituting in (218), we obtain
ρ0 = −
nH20 +
2
3H˙0
A(1− n) , B =
H20 +
2
3H˙0
ρn0 (1− n)
. (219)
we transform the Friedmann equation (218) to the form
da
dτ
=
[
F (q0, j0)a
−1 +Φ(q0, j0)a
−3n+2
]1/2
,
F = −n−
2
3 (1 + q0)
1− n , Φ =
1− 23 (1 + q0)
1− n ,
n = −2
3
j0 − 1
2q0 − 1 . (220)
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This equation should be solved with the constraints n < 2/3 (a condition ensuring
the accelerated expansion of the Universe) and n < 23 (1 + q0) (a condition ensuring
the positivity of the energy density). It is easy to see that the two conditions are
consistent, since in the case of accelerated expansion q < 0. Fig. 1 illustrates the
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d
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 j0=0.5
j0=0.7
q
Fig. 1. Demonstration of the transition from the delayed expansion to the accelerated one for
different values of the parameter j (q0 = −0.527 for all the three options). Left figure: derivative
da/dτ as a function of dimensionless time. Right figure: the deceleration parameter q as a function
of dimensionless time.
transition from the delayed expansion to the accelerated one for the late-time Uni-
verse in the CM. Growth of the parameter j0 leads to a decrease in the index n:
j = 0.35⇒ n ≈ 0.21, j = 0.5⇒ n ≈ 0.16, j = 0.7⇒ n ≈ 0.097. At the limit j → 1
(LDCM), as expected, the parameter n→ 0.
The authors of the CM suggested the following procedure to estimate the pa-
rameter B.84 The initial CM is described by the set of parameters {B, n}. We make
the transition {B, n} → {zeq, n} to a new set of parameters, where zeq is the redshift
value, at which the contributions of the terms Aρm and Bρ
n
m are equal:
Aρ(zeq) = Bρ
n(zeq). (221)
Since ρ = ρ0/a
3 = ρ0(1 + z)
3, then
B
A
= ρ1−n0 (1 + zeq)
3(1−n). (222)
Using the expression
A =
H20
ρ0
−Bρn−10 . (223)
for the parameter A, we find
Bρn0
H20
=
1
1 + (1 + zeq)3(n−1)
. (224)
According to the authors of the model to match the CMB and the supernovae data,
the value zeq should lie in the range 0.3 < zeq < 1, although a more thorough anal-
ysis, in principle, allows to narrow this interval. Comparing (212) and (224), one
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can see the obvious advantage of the cosmographic approach: to find the parameter
B, we did not have to introduce additional parameters. The dimensionless param-
eter Bρn0/H
2
0 is determined by the current value of the fundamental cosmological
parameter—the deceleration parameter q0. Equating (212) and (224), we find the
function zeq(n, q0) that allows us to estimate the interval of variation of the pa-
rameter n corresponding to the range 0.3 < zeq < 1. We see (cf. Fig. 2) that this
interval includes the parameter values n ≤ 0.15.
0.05 0.10 0.15
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
 
n
 
 
zeq
Fig. 2. Function zeq(n, q0) at the value of the current deceleration parameter q0 = −0.527.
The method presents an interesting possibility to calculate the highest order
cosmological parameters from the values of the lowest parameters, which are known
with better accuracy. For example, formula (216) can be used to estimate the pa-
rameter s0 for known values q0 and j0,
s0 = −q0j0 − (3n+ 2)j0 + 2q0(3n− 1),
n =
2
3
j0 − 1
2q0 − 1 . (225)
In particular, j = 1 in the LCDM and the relation (225) is transformed into s =
−3q − 2. It is easy to see that the cosmographic parameters of the LCDM
q = −1 + 3
2
Ωm,
s = 1− 9
2
Ωm. (226)
exactly satisfy this relation.
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7. Cosmographic analysis of models with interactions of the dark
components
7.1. Dark sector interaction
Since the nature of the dark components of the Universe (dark matter and dark
energy unknown, it is possible that these components can interact with each other.
At the phenomenological level, the interaction between dark energy with density
ρde and cold dark matter with density ρdm can be described by a system of equa-
tions86–88
ρ˙dm + 3Hρdm = Q
ρ˙de + 3H(ρde + pde) = −Q (227)
The function of Q s known as the interaction function, generally speaking, depends
on scale factor. The sign of Q defines the direction of the flux of energy.
The system (227) can be given an alternative interpretation. It is convenient to
introduce the effective pressures Πdm and Πde.
87
Q ≡ −3HΠdm = +3HΠde (228)
The introduction of effective pressure allows you to go from (227)to the system
of equations.
ρ˙dm + 3H(ρdm +Πdm) = 0
ρ˙de + 3H (ρde + pde +Πde) = 0 (229)
In this case, the conservation equation system formally look as those for two
independent fluids. A coupling between them has been mapped into the rela-
tion Πdm = −Πde. In general, the coupling term Q can take any possible form
Q = Q (H, ρdm, ρde, t) . However, physically, it makes more sense that the coupling
be time-independent. Among the time-independent options, preference is given to a
factorized H dependence Q = H q(ρdm, ρde). During this kind of factorization, the
effects of the coupling on the dynamics of ρdm and ρde become effectively indepen-
dent from the evolution of the Hubble scale H. The latter is related to the fact that
the time derivatives that go into the conservation equation can be transformed in
the following way d/dt → H d/d lna. . It is important to note,89 that the decou-
pling of the dynamics of the two dark components from H is valid in any theory
of gravity, because it is based on the conservation equations. Any coupling of this
type can be approximated at late times by a linear expansion
Q = q∗0 + q
∗
dm (ρdm − ρdm,0) + q∗de (ρde − ρde,0) . (230)
Constants q∗0 , q
∗
dm, q
∗
de can always be redefined in order to put coupling Q in the
form
Q = q0 + qdmρdm + qdeρde (231)
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Special cases
Q ∝ ρdm, q0 = qde = 0;
Q ∝ ρde, q0 = qdm = 0; (232)
Q ∝ ρtotal, q0 = 0, qdm = qde.
Previously, we analysed linear interactions. However, from a physical point of view,
an interaction between two components should depend on the product of the abun-
dances of the individual components, as, for instance, in chemical or nuclear re-
actions. Consequently, a product coupling, i.e., an interaction proportional to the
product of dark matter and dark energy densities looks more appealing. Analysis of
cosmological models with specific non-linear interactions was performed in.90 The
authors considered nonlinear interaction of the form
Q ∝ Hρm−nde ρndm. (233)
The ansatz (1.17) also includes the previously analysed linear cases. The combina-
tion (m,n, s) = (1, 1,−1) corresponds to Q ∝ Hρdm while (m,n, s) = (1, 0,−1)
reproduces Q ∝ Hρde.
7.2. Cosmography of the dynamical cosmological constant
At the present time, the interpretation of the dark energy in the form of the cos-
mological constant Λ as energy of physical vacuum is the most supported among
other alternatives. It automatically leads to the equation of state of this substance
pΛ = −ρΛ (pΛis the pressure, and ρΛ is the energy density), ensuring the accel-
erating expansion of the Universe. The hypothesis allowing resolving a number of
current cosmological problems involves moving to a time-dependent Λ → Λ(t). In
virtue of the energy conservation law, the vacuum decay should be accompanied
by changing the dark matter energy density ρ
m
. Dynamics of the two-component
system can be described by the system of equations comprising the first Friedmann
equation and the conservation equation
ρm + ρΛ = 3H
2,
ρ˙m + 3Hρm = −ρ˙Λ (234)
We took into account that for the cold dark matter the pressure pm = 0.. In the
right part of the conservation equation there is a new term −ρ˙Λ playing the role of
the source generated by the decaying CC. From the system (234) one can obtain
the equation for the Hubble parameter
2H˙ + 3H2 − ρΛ = 0. (235)
At the phenomenological level to solve the equation (2) a model of the cosmolog-
ical constant decay is needed. Below, we will consider a simple, but fully analyzable
model,91
ρΛ = σH (236)
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We will show that cosmography allows to easy express a single parameter of the
model in terms of the decoration parameter. The two-parametric model suggested
in the work92 also treats the cosmological constant as the decaying vacuum energy.
More specifically, the ideology of this model goes back to the hypothesis about
existence of an unstable false vacuum.93, 94 If E
(false)
0 and E
(true)
0 are energies of
the false and the true vacuums, the hypothesis involves a universal behavior of the
substance initially having been in the false vacuum
E
(false)
0 = E
(true)
0 +
α
t2
± . . . for t >> T, (237)
where T is the typical time of the tunneling from the false vacuum to the true one.
In terms of the time-depending the cosmological constant relation (237) can be
rewritten as92
ρΛ(t) = Λ(t) = Λbare +
α
t2
(238)
that emerges from the covariant theory of a scalar field and presents a leading term
at the late time of evolution. Now we apply our procedure for finding parameters
to the two models under consideration. For the first considering model (236) the
evolution equation (235) reads
2H˙ + 3H2 − σH = 0. (239)
Using relation H˙ we express the free parameter of the modelσ in a simple way
through the Hubble parameter and the deceleration parameter:
σ = H0 (1− 2q0) . (240)
The second considering model (238) may be transform to the new parameteri-
zation of the vacuum dark energy using H ∝ 1/t [7]
Λ(H) = Λ0 + 3βH
2, (241)
where there are two free parametersΛ0 ≡≡ Λbare and β. Hereby, the evolution
equation (235) takes the form
H˙ =
Λ0
2
− δH2, (242)
where δ is a constant defined as δ = 3/2 (1− β) .We repeat our procedure. However,
since now they are dealing with a two-parameter model, it is necessary to include
in the consideration the derivativeH¨. Finally, we obtain free parameters of the
proposed model in terms of the cosmographic parameters H, q, j
δ =
2 + 3q + j
2(1 + q
or β =
1− j
3(1 + q)
Λ0 = H
2 j − q − 2q2
1 + q
. (243)
Thus, having treated all the parameters of our models through the directly measur-
able cosmographical parameters, we can calculate the original parameters . After
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that, solutions of evolution equations can be analyzed using the parameters found.
The solution of the evolution equation (239) for the first model is given by the
following time-dependence of the Hubble parameter
H(t) =
H0σ
3H0 + (σ − 3H0)e
σ(t−t0)
2
. (244)
Here H0 is current value of the Hubble parameters. For the second model, it is also
possible to solve the evolution equation (242) and to find the time-dependence of
the Hubble parameter
H(t) =
√
Λ0
2δ
Tanh
[√δΛ0
2
(t− t0) +ArcTanh
(√ 2δ
Λ0
H0
)]
. (245)
In the analysis of expressions (244), and (245), we used the recently found values
of the atmospheric parameters:9, 95, 96
q0 = −0.70± 0.18 and j0 = 0.52(+0.58− 0.60).
The time-dependences of the Hubble parameter are depicted in Fig. 3
As we can see, both models demonstrate a close time dependence for the tem-
porary interval 0.8H−10 < t < 1.2H
−1
0 .. However, one can notice the difference for
early and late times, which is quite simple to explain. Let us now obtain for the two
models under consideration the first Friedmann equation in terms of cosmographic
parameters. For the first model (236) using the derivativeH¨ we find
2j − 2q2 − q − 1 = 0 (246)
For the second model (241) , including into consideration
...
H we obtain
s(1 + q) + J2 + j
(
q2 + 4q + 1
)
+ q (2q + 1) = 0 (247)
Fig. 3. Time-dependencies (244) (dashed line) and (244) (solid line) of the Hubble parameter
corresponding to two different models (236) and (241) with various values for currently measurable
q0 and j0 in their typical ranges. A typical range of current values of the deceleration parameter
q0 is shown by hatching (blue for the model (236), and red for the model (241)). Here, the current
parameter value q0 varies from −0.9 to −0.5 with the central value −0.7. The current value for
jerk parameter j0 in the model (241) varies from 0.8 to 1.2 (red area) with a central value of 1.
The Hubble constant H0 is set to be 67km/s.Mpc.
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These expressions allow, within the framework of the considered work, to calcu-
late any cosmographic parameter using several known lower parameters.
7.3. Cosmographic constrain on the dark energy and dark matter
coupling
We now turn to a more general case. As we saw above interaction between the dark
components in simplest linear case phenomenologically is described by
QI = 3δHρdm, QII = 3δHρde, QIII = 3δH(ρdm + ρde). (248)
Let us Universe filled with two components labeled 1 and 2 with the equations of
state and the interaction function respectively97
p1 = w1ρ1, p2 = w2ρ2, Q = 3δ H ρ1. (249)
In particular, the case QI corresponds to w1 = 0, w2 = w and the case QII is
obtained with w1 = w, w2 = 0 and δ → −δ. Omitting cumbersome calculations,
we present only the final expressions for the constant interaction in the flat δ and δ¯
w
-1.02-1.04 -0.98 -0.96
-1
-2
-3
1
2
3 δ δ
δ
δ
δ
δ
δ
δ
δ
I
II
I
II
III
III
III
III
(1)
(2)
(1)
(2)
Fig. 4. The coupling constant δ as a function of the dark energy parameter w for different
interaction models.
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in the general case,
δI = 2 +
s+ q j + 3(w + 1)j
j − (3w + 2)q ;
δII = 2 + 3w +
s+ (q + 3)j
j − 2 q ;
δ¯I =
1
3
+
2
3
j − q(3w + 2)
3w + 1− 2 q ;
δ¯II =
1
3
+ w +
2
3
j − 2 q
1− 2 q ;
δ
(1,2)
III = −
w
4
[
1∓
√
1− 8
9qw2
[s− 2q(2 + 3w) + j(5 + q + 3w)]
]
;
δ¯
(1,2)
III = −
w
4
[
1∓
√
1− 8
9qw2
[1 + 2j + 3w − 6q(1 + w)]
]
. (250)
Fig. 4 represents the coupling constant in the models (2) as a function of the dark
energy parameter in the range 1.051 < w < 0.961 which corresponds to the most
recent observations. Careful analysis of the plots reveals a remarkable feature: the
functions δ(w) corresponding to different models (I,II,III) have exact common roots,
namely:
δI(w0) = δII(w0) = δ
(1)
III(w0) = 0, w01 = −
s+ (q + 5)j − 4q
3(j − 2q ≈ −1.052;
δ¯I(w¯02) = δ¯II(w¯02) = δ¯
(1)
III(w¯0) = 0, w02 = −
1 + 2j − 6q
3(j − 2q) ≈ −1.009. (251)
We proposed a novel approach to obtain limitations on the dark energy and dark
matter coupling constant. The suggested approach allowed us to express the cou-
pling constant in terms of the cosmographic parameters. As an example we con-
sidered three cosmological models with linear type of interaction between the dark
components.
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8. Summary
We have shown that cosmography is an effective and universal method for analyz-
ing cosmological models. A huge number of cosmological models used to describe
the evolution of the Universe gave rise to an even larger number of independent
parameters. These parameters are usually difficult to relate to the directly observ-
able quantities. The considered approach allows us to express the parameters of
any model that satisfies the cosmological principle through a limited number of
cosmographic parameters. The cosmographic approach to finding the parameters of
cosmological models has many advantages. Let’s briefly dwell on them.
1. Universality: the method is applicable to any braid model that satisfies the cos-
mological principle. The procedure can be generalized to the case of models with
interaction between components .
2. Reliability: all the obtained results are accurate, since they follow from identical
transformations.
3. The simplicity of the procedure.
4. Parameters of different models are expressed through a universal set of cosmo-
logical parameters. There is no need to introduce additional parameters.
5. The method represents a simple test for analyzing the compatibility of different
models. Since the cosmological parameters are universal, the models are compatible
only in the case of a non-zero domain of intersection of their parameter space.
Inclusion of the higher order derivatives of the scale factor, on the one hand, re-
flects the continuous progress of the observational cosmology, and, on the other, is
dictated by the need to describe the increasingly complex effects used to obtain the
precise observational data.
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